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We present a computational model of visual problem solving, designed to solve problems from the
Raven’s Progressive Matrices intelligence test. The model builds on the claim that analogical reasoning
lies at the heart of visual problem solving, and intelligence more broadly. Images are compared via
structure mapping, aligning the common relational structure in 2 images to identify commonalities and
differences. These commonalities or differences can themselves be reified and used as the input for future
comparisons. When images fail to align, the model dynamically rerepresents them to facilitate the
comparison. In our analysis, we find that the model matches adult human performance on the Standard
Progressive Matrices test, and that problems which are difficult for the model are also difficult for people.
Furthermore, we show that model operations involving abstraction and rerepresentation are particularly
difficult for people, suggesting that these operations may be critical for performing visual problem
solving, and reasoning more generally, at the highest level.
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Analogy is perhaps the cornerstone of human intelligence (Gentner,
2003, 2010; Hofstadter & Sander, 2013; Penn, Holyoak, & Povinelli,
2008). By comparing two domains and identifying commonalities in
their structure, we can derive useful inferences and develop novel
abstractions. Analogy can drive scientific discovery, as when Ruth-
erford famously suggested that electrons orbiting a nucleus were like
planets orbiting a sun. But it also plays a role in our everyday lives,
allowing us to apply what we’ve learned in past experiences to the
present, as when a person solves a physics problem, chooses a movie
to watch, or considers buying a new car.

Analogy’s power lies in its abstract nature. We can compare two
wildly different scenarios, applying what we’ve learned in one
scenario to the other, based on commonalities in their relational
structure. Given this highly abstract mode of thought, and its
importance in human reasoning, it may be surprising that when
researchers want to test an individual’s reasoning ability, they
often rely on concrete, visual tasks.

Figure 1 depicts an example problem from Raven’s Progressive
Matrices (RPM), an intelligence test (Raven, Raven, & Court,
1998). This test requires that participants compare images in a
(usually) 3 � 3 matrix, identify a pattern across the matrix, and
solve for the missing image. RPM was designed to measure a
subject’s eductive ability (the ability to discover patterns in con-
fusing stimuli), a term that has now been mostly replaced by fluid
intelligence (Cattell, 1963). It has remained popular for decades
because it is highly successful at predicting a subject’s perfor-
mance on other ability tests—not just visual tests, but verbal and

mathematical as well (Burke & Bingham, 1969; Zagar, Arbit, &
Friedland, 1980; Snow, Kyllonen, & Marshalek, 1984). A classic
scaling analysis which positioned ability tests based on their in-
tercorrelations placed RPM in the center, indicating it was the
single most predictive test (see Figure 2).

How is a visual test so effective at measuring general problem-
solving ability? We believe that despite its concrete nature, RPM
tests individuals’ abilities to make effective analogies. The con-
nection between RPM and analogy is well-supported by the anal-
ysis in Figure 2. In that analysis, visual (or geometric), verbal, and
mathematical analogy problems were clustered around RPM, sug-
gesting that they correlate highly with it and that they are also
strong general measures. Indeed, RPM can be seen as a complex
geometric analogy problem, where subjects must determine the
relation between the first two images and the last image in the top
row and then compute an image that produces an analogous
relation in the bottom row. Consistent with this claim, Holyoak
and colleagues showed that high RPM performers required less
assistance when performing analogical mappings (Vendetti, Wu,
& Holyoak, 2014) and retrievals (Kubricht, Lu, & Holyoak, 2015).
Furthermore, a meta-analysis of brain imaging studies found that
verbal analogies, geometric analogies, and matrix problems en-
gage a common brain region, the left rostrolateral prefrontal cor-
tex, which may be associated with relational reasoning (Hobeika,
Diard-Detoeuf, Garcin, Levy, & Volle, 2016).1

Here we argue that the mechanisms and strategies that support
effective analogizing are also those that support visual problem
solving. To test this claim, we model human performance on RPM
using a well-established computational model of analogy, the

1 Matrix problems, specifically, engage several additional areas, perhaps
due to their greater complexity and the requirement that test-takers select
from a set of possible answers, both of which may increase working
memory demands.
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Structure-Mapping Engine (SME; Falkenhainer, Forbus, & Gent-
ner, 1989). Although SME was originally developed to model
abstract analogies, there is increasing evidence that its underlying
principles also apply to concrete visual comparisons (Markman &
Gentner, 1996; Sagi, Gentner, & Lovett, 2012). RPM provides the
opportunity to test the role of analogy in visual thinking on a large
scale, and to determine what components are needed to perform
this task outside of the analogical mapping that SME provides. In
particular, we consider the dual challenges of perception and
rerepresentation: How do you represent concrete visual informa-
tion in a manner that supports abstract analogical thought, and how
do you change your representation when images fail to align?

This approach also allows us to gain new insights about RPM
and what it evaluates in humans. By ablating the model’s ability to

perform certain operations and comparing the resulting errors to
human performance, we can identify factors that make a problem
easier or more difficult for people. As we show below, problems
tend to be more difficult when they (a) must be represented more
abstractly or (b) require complex rerepresentation operations. We
close by considering whether abstract thinking and rerepresenta-
tion in RPM might generalize to other analogical tasks and thus be
central to human intelligence.

We next describe RPM in greater detail, including a well-
established previous computational model. Afterward, we present our
theoretical framework, showing how analogical reasoning maps onto
RPM and visual problem solving more broadly. We then describe our
computational model, which builds on this framework and follows
previous models of other visual problem-solving tasks. We present a
simulation of the Standard Progressive Matrices, a 60-item intelli-
gence test. The model’s overall performance matches average Amer-
ican adults. We finish with our ablation analysis.

Raven’s Progressive Matrices

On a typical RPM problem, test-takers are shown a 3 � 3 matrix
of images, with the lower right image missing. By comparing the
images and identifying patterns across each row and column, they
determine the answer that best completes the matrix, choosing
from eight possible answers. Figures 3–5 show several example
problems, which will be used as references throughout the paper
and referred to by their respective letters. Note that no actual test
problems are shown, but these example problems are analogous to
real test problems.

RPM has been a popular intelligence test for decades. It is
successful because it does not rely on domain-specific knowl-

Figure 1. Raven’s Matrix problem. To protect the security of the test, all
the problems presented here were constructed by the authors. Many are
analogous to actual problems.

Figure 2. Scaling analysis of ability tests based on intercorrelations. From “The topography of learning and
ability correlations” (p. 92), by R. E. Snow, P. C. Kyllonen, and B. Marshalek, 1984, in R. J. Sternberg (Ed.),
Advances in the psychology of human intelligence (Vol. 2, pp. 47–103). Hillsdale, NJ: Erlbaum.
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edge or verbal ability. Thus, it can be used across cultures and
ages to assess fluid intelligence, the ability to reason flexibly
while solving problems (Cattell, 1963). RPM is one of the best
single-test predictors of problem-solving ability: participants
who do well on RPM do well on other intelligence tests (e.g.,
Burke & Bingham, 1969; Zagar et al., 1980; see Raven, Raven,
& Court, 2000b, for a review) and do well on other verbal,
mathematical, and visual ability tests (Snow et al., 1984; Snow
& Lohman, 1989). Thus, RPM appears to tap into core, general-
purpose cognitive abilities. However, it remains unclear what
exactly those abilities are.

Carpenter, Just, and Shell (1990) conducted an influential
study of the Advanced Progressive Matrices (APM), the hardest
version of the test. They ran test-takers with an eye tracker,
analyzed the problems, and built two computational models.

Carpenter et al. (1990) found that participants generally
solved problems by looking across a row and determining how

each object varied between images. Their analysis produced
five rules to explain how objects could vary: (a) constant in a
row: the object stays the same; (b) quantitative pairwise pro-
gression: the object changes in some way (e.g., rotating or
increasing in size) between images (Problem A, Figure 3); (c)
distribution of three: there are three different objects in the
three images; those objects will be in every row, but their order
will vary (Problem B); (d) figure subtraction or addition: add or
subtract the objects in the first two images to produce the
objects in the last (Problem E); and (e) distribution of two: each
object is in only two of the three images (Problems F, H).
Although the final rule sounds simple, it is actually quite
complex. It requires recognizing that there is no corresponding
object in one of the three images.

Carpenter et al.’s (1990) FAIRAVEN model implements these
rules. Given hand-coded, symbolic image representations as input,
it analyzes each row via the following steps:

Figure 3. Example problems for various Carpenter et al. (1990) rules, and the strategy and abstraction
operation our model would use to solve each problem.
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1. Identify corresponding objects. The model uses simple
heuristics, such as matching same-shaped objects, or
matching leftover objects.

2. For each set of corresponding objects, determine which
of the five rules (see above) it instantiates. FAIRAVEN
can recognize every rule type except distribution of two.

The model performs these steps on each of the first two rows
and then compares the two rows’ rules, generalizing over them.
Finally, it applies the rules to the bottom row to compute the
answer.

The BETTERAVEN model improves on FAIRAVEN in a few
ways. First, during correspondence-finding, it can recognize cases
where an object is only in two of the three images. Second, it
checks for the distribution of two rule. Third, it has a more
developed goal management system. It compares the rules identi-
fied in the top two rows, and if they are dissimilar, it backtracks
and looks for alternate rules.

Carpenter et al. (1990) argued that this last improvement, better
goal management, was what truly set BETTERAVEN apart. They
believed that skilled RPM test-takers are adept at goal manage-

ment, primarily due to their superior work memory capacity. This
could explain RPM’s strong predictive power: it may accurately
measure working memory capacity, a key asset in other ability
tests. In support of this hypothesis, other researchers (Embretson,
1998; Vodegel Matzen, van der Molen, & Dudink, 1994) have
found that as the number and complexity of Carpenter rules in a
problem increases, the problem becomes harder. Presumably, a
greater number of rules places more load on working memory.

We believe Carpenter et al.’s (1990) models are limited in that
they fail to capture perception, analogical mapping, and rerepre-
sentation. As we have suggested above and argue below, these
processes are critical in both analogical thought and visual problem
solving. Because they do not analyze these or other general processes,
Carpenter et al. can derive only limited connections between RPM
and other problem-solving tasks. The primary connection they derive
is that RPM requires a high working memory capacity. Below, we
briefly describe each of the model’s limitations.

1. Perception. The Carpenter et al. (1990) models take
symbolic representations as input. These representations
are hand-coded, based upon descriptions given by par-

Figure 4. Two particularly difficult Raven’s problems.

Figure 5. Three simpler Raven’s problems.
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ticipants. Although we agree on the use of symbolic
representations, this approach is limited in two respects:
(a) it ignores the challenge of generating symbolic rep-
resentations from visual input, and (b) it makes no the-
oretical claims about what information should or should
not be captured in the symbolic representations. In fact,
problem solving depends critically on what information
is captured in the initial representations, and the ability to
identify and represent the correct information might well
be a skill underlying effective problem solving.

2. Analogical mapping. When the BETTERAVEN model
compares images, it identifies corresponding objects us-
ing three simple heuristics: (a) match up identical shapes,
(b) match up leftover shapes, and (c) allow a shape to
match with nothing. In contrast, we believe visual com-
parison can use the same rich relational alignment pro-
cess used in abstract analogies (Markman & Gentner,
1996; Sagi et al., 2012).

In addition, we believe one challenge in RPM may be
determining which images to compare. For example, in
RPM it is typically enough to compare the adjacent images
in each row, but for some problems one must also compare
the first and last images in the row (e.g., Problem E). In our
analysis below, we test whether problems requiring this
additional image comparison are more difficult to solve.

3. Rerepresentation. Carpenter et al. (1990) mention that in
some cases their model is given a second representation to
try if the first one fails to produce a satisfying answer. This
is an example of rerepresentation: changing an image rep-
resentation to facilitate a comparison. However, it appears
that rerepresentation is not performed or analyzed in any
systematic way. In fact it is likely not needed in most cases
because the initial representations are hand-coded—if the
initial representations are constructed to facilitate the com-
parison, then no rerepresentation will be required.

We believe rerepresentation can play a critical role in visual
problem solving, as well as in analogy more broadly. In this
paper we show how rerepresentation is used to solve prob-
lems such as G, and we analyze the difficulty of these
problems for human test-takers.

Theoretical Framework

We argue that visual thinking often involves analogical pro-
cessing of the same form that is used elsewhere in cognition

(e.g., Gentner & Smith, 2013; Kokinov & French, 2003). That
is, a problem is encoded (perception) and analyzed to ascertain
what comparison(s) are needed to be done. The comparisons are
carried out via structure mapping (Gentner, 1983). The results
are analyzed and evaluated by task-specific processes, which
include methods for rerepresentation (Yan, Forbus, & Gentner,
2003), often leading to further comparisons. This is an example
of a map/analyze cycle (Falkenhainer, 1990; Forbus, 2001;
Gentner et al., 1997), a higher-level pattern of analogical pro-
cessing which has been used in modeling learning from obser-
vation and conceptual change. The same overall structure, albeit
with vision-specific encoding and analysis processes, appears to
be operating in solving some kinds of visual problems, and
specifically RPM problems. This provides a straightforward
explanation as to why RPM is so predictive of performance on
so many nonvisual problems: The same processes are being
used.

One key claim which should be emphasized is: Rerepresen-
tation is driven by comparison. Rather than a top– down search
process that explores different possible representations for each
image, we are suggesting that initial, bottom– up representa-
tions are changed only when necessary to facilitate a compar-
ison.

Below we provide background on analogical mapping. We then
describe five steps for visual problem solving:

1. Perception. Generate symbolic representations from im-
ages.

2. Visual Comparison. Align the relational structure in two
images, identify commonalities and differences.

3. Perceptual Reorganization. Rerepresent the images, if
necessary, to facilitate a comparison.

4. Difference Identification. Symbolically represent the
differences between images.

5. Visual Inference. Apply a set of differences to one
image to infer a new image.

We have previously modeled two other visual problem-solving
tasks using analogy: a visual oddity task (Lovett & Forbus, 2011a)
and geometric analogy (Lovett, Tomai, Forbus, & Usher, 2009; see
Figure 6). In what follows, we speak generally of visual problem
solving when possible, and focus on RPM specifics only when
necessary.

Figure 6. Panel A: Oddity task problem from Dehaene, Izard, Pica, and Spelke (2006). Pick the image that
doesn’t belong. Panel B: Geometric analogy problem from Lovett, Tomai, Forbus, and Usher (2009).
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Analogical Mapping

Cases are represented symbolically, as entities, attributes, and re-
lations. Two representations, a base and a target, are aligned based on
their common relational structure (Doumas & Hummel, 2013; Gent-
ner, 1983; Hummel & Holyoak, 1997; Larkey & Love, 2003). Based
on the corresponding attributes and relations, corresponding entities
can be identified. The result of a mapping is a set of correspondences
between the base and target, and a similarity score based on the depth
and breadth of aligned structure (Falkenhainer et al., 1989). Accord-
ing to structure-mapping theory (Gentner, 1983, 2010), mappings are
constrained to allow each base item to map to just one target item.
Mappings also include candidate inferences, where structure in one
description is projected to the other. The results of a mapping can be
represented symbolically, so that they themselves can play a role in
future reasoning (even in future analogies). We use two types of
reification that have been used elsewhere in the literature for nonvi-
sual comparisons:

1. Generalization. Here one constructs an abstraction,
sometimes called a schema, describing the commonali-
ties in the base and target (Glick & Holyoak, 1983;
Kuehne, Forbus, Gentner, & Quinn, 2000).

2. Difference Identification. Here one explicitly represents
the differences between the base and target. The most
interesting differences are alignable differences, where
there is some expression in the base and some corre-
sponding but different expression in the target (Gentner
& Markman, 1994).

Visual Perception

To perform analogy between two stimuli, one must first gener-
ate symbolic representations to describe them (Gentner, 2003,
2010; Penn et al., 2008). Here we are interested not in low-level
visual processing, but rather in the resulting representations and
the ways they can support problem solving. Visual representations
can be characterized as hierarchical hybrid representations
(HHRs). They are hierarchical (Palmer, 1977; Marr & Nishihara,
1978; Hummel & Stankiewicz, 1996) in that a given image can be
represented at multiple levels of abstraction in a spatial hierarchy;
for example, a rectangle could be seen as a single object or as a set
of four edges. They are hybrid in that there are separate qualitative
and quantitative components at each level in the hierarchy (Koss-
lyn et al., 1989). The qualitative, or categorical component sym-
bolically describes relations between elements; for example, one
object contains another, or two edges are parallel (Biederman,
1987; Forbus, Nielsen, & Faltings, 1991; Hummel & Biederman,
1992). The quantitative component describes concrete quantitative
values for each element, for example, its location, size, and ori-
entation (Forbus, 1983; Kosslyn, 1996).

Qualitative representations are critical for helping us remember,
reproduce, and compare spatial information (e.g., quadrants of a

circle: Huttenlocher, Hedges, & Duncan, 1991; angles between object
parts: Rosielle & Cooper, 2001; locations: Maki, 1982). We believe
that these representations capture structural information about a visual
scene, and that they can be compared via the same alignment pro-
cesses used in analogy (Markman & Gentner, 1996; Sagi et al., 2012).
However, as in any analogy, the outcome of the comparison depends
heavily on the representations used. In particular, one must select the
appropriate level in the spatial hierarchy.

How many hierarchical levels are used in the human visual
system is still an open question. Here we assume three levels for
two-dimensional perception: groups, objects, and edges. Groups
are sets of objects grouped together based on similarity. Objects
are individual objects. Edges are the edges that make up each
object. We further propose that when an individual views a scene,
the highest level is available first—for example, Figure 7A con-
tains no obvious groups, so one would initially perceive this as a
row of three objects, including qualitative relations between these
objects. This follows reverse hierarchy theory (Hochstein &
Ahissar, 2002; see also: Love, Rouder, & Wisniewski, 1999),
which claims that visual perception is a bottom–up process, be-
ginning with low-level features, but that large-scale, high-level
features are the ones initially available for conscious access; de-
liberate effort is required to move down the hierarchy and think
about the smaller-scale details (e.g., the relations among the edges
of each shape in Figure 7A).

Two clarifying points must be made about the spatial hierarchy.
First, it is distinct from a relational hierarchy, that is, describing
attributes, lower-order relations, and higher-order relations. The
level in the spatial hierarchy determines the entities—edges, ob-
jects, or groups—but it does not determine whether lower-order or
higher-order relations may be applied to these entities. For exam-
ple, Kroger, Holyoak, and Hummel (2004) found that when com-
paring images of four colored squares, it was easier to compare the
squares’ colors directly, and more difficult to compare higher-
order relations between the squares (e.g., “The top two squares are
the same color, and the bottom two squares are a different color,
so the relations describing the top two vs. the bottom two squares
are different”). Here, both the attributes and the higher-order
relations described the squares’ colors, and thus they existed at the
same level in the spatial hierarchy.

Second, the high-level advantage in the spatial hierarchy is not
absolute. For example, Navon (1977) showed that when large
letters were made up of arrangements of smaller letters, it was
easier to perceive the large letter than to perceive the smaller
letters. But follow-up studies showed there were many ways to
disrupt this advantage (e.g., varying the absolute size of the letters:
Kinchla & Wolfe, 1979; the density of the letters: LaGasse, 1993;
or the spatial frequency components of the letters: Hughes, No-
zawa, & Kitterlie, 1996).

Qualitative vocabulary. We propose that there are qualitative
relations and attributes at the level of groups, objects, and edges.
One key question is: What are those relations and attributes? That
is, what are the visual properties that are important enough to be

Figure 7. Images that might be compared structurally.
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captured qualitatively? Some qualitative relations are obvious (e.g.,
one object is right of another, or one object contains another),
whereas others are strongly supported by psychological evidence
(e.g., concave angles between edges are highly salient: Ferguson,
Aminoff, & Gentner, 1996; Hulleman, te Winkel, & Boselie, 2000).
However, there is no straightforward way to produce a complete
qualitative vocabulary. Thus, our approach has been to consider the
constraints of the tasks we are modeling. We have developed a
qualitative vocabulary that can be used across three different tasks:
geometric analogy (Lovett et al., 2009), the visual oddity task (Lovett
& Forbus, 2011a), and RPM. It can be viewed in its entirety at (Lovett
& Forbus, 2011b). We see this vocabulary as one important outcome
of the modeling work, as it provides a set of predictions about human
visual cognition. At the paper’s conclusion, we consider how these
predictions can be further tested.

Visual Comparison

If visual perception produces a range of representations—qual-
itative and quantitative components at different hierarchical levels—
then visual problem solving consists of a strategic search through
these representations, using comparison in order to find the key
similarities and differences between two images. We view this search
as proceeding top–down and from qualitative to quantitative, though
again we do not claim that high-level representations are universally
accessed first. At each step, the search is guided by analogical map-
ping, which identifies corresponding elements in the two images.
Next, we summarize top–down comparison and qualitative/quantita-
tive comparison.

Top–down comparison. Oftentimes, comparisons at a high
level in the spatial hierarchy can guide comparisons at a lower
level. Consider Figure 7. Each image contains three objects, and
each object contains four edges. Thus, an object-level representa-
tion would consist of three entities, whereas an edge-level repre-
sentation would consist of 12 entities. It is much simpler to
compare the objects than to compare the individual edges. How-
ever, once the corresponding objects are known, the individual
edges may be compared more easily.

A comparison between object-level representations, using analog-
ical mapping, can identify the corresponding objects in the two
images. In Figure 7, the leftmost trapezoid in image A goes with the
leftmost trapezoid in image B because they occupy the same spot in
the relational structure. Once the corresponding objects are identified,
one can compare the edge-level representations for each object pair.
Thus, instead of comparing two images with 12 edges each, one is
comparing two objects with four edges each. These objects may be
compared using the shape comparison strategy below.

Qualitative/quantitative comparison of shapes. This strat-
egy identifies transformations between shapes, for example, the
rotation between trapezoids in Figure 7. It is inspired by research

on mental rotation, in which participants are shown two shapes
and asked whether a rotation of one would produce the other
(Shepard & Metzler, 1971; Shepard & Cooper, 1982). A popular
hypothesis is that people perform an analog rotation in their minds,
transforming one object’s representation to align it with the other.
Our approach assumes the existence of two representations: a
qualitative, orientation-invariant representation that describes the
edges’ locations and orientations relative to each other; and a
quantitative, orientation-specific representation that describes the
absolute location, orientation, size, and curvature of each edge. It
works as follows (Lovett et al., 2009):

1. Using structure mapping, compare qualitative, orientation-
invariant representations for the two shapes. This will
identify corresponding parts in the shapes. For example,
comparing the two leftmost shapes, the lower edge in
Figure 7A goes with the leftmost edge in 7B.

2. Take one pair of corresponding parts. Compute a quan-
titative transformation between them. Here, there is a 90°
clockwise rotation between the two edges.

3. Apply the quantitative transformation to the first shape.
Here, we rotate the shape 90°. After the rotation is
complete, compare the aligned quantitative representa-
tions to see if the locations, sizes, orientations, and cur-
vatures of the corresponding edges match.

Perceptual Reorganization

One limitation of top–down comparison is that it is constrained
by the initial bottom–up perception. If one perceives two edges A
and B as being part of one object and some other edge C as being
part of another, one will never consider how edge C relates to
edges A and B. This is a problem because for some comparisons,
those extra relations may be critical. For example, consider Figures
8A and 8B. Seeing the similarity between the objects inside the
rectangles requires leaving the object level, decomposing them
into edge-level representations, and regrouping the edges differ-
ently. We term this process perceptual reorganization, as it is a
reevaluation of the perceptual organization that initially groups
elements of a scene together (Palmer & Rock, 1994). It comes in
two forms.

Basic perceptual reorganization. Consider again Figures 8A
and 8B. At the object level, each image contains two elements: a
rectangle and an inner object. An object-level comparison would
indicate that the rectangles correspond and the inner objects cor-
respond. Now, suppose the inner objects’ shapes were compared.
One might recognize that the left object is a subshape of the right

Figure 8. Basic perceptual reorganization facilitates this comparison.
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object. That is, all the edges in the left object are also found in the
right object.

Based on this finding, one could update Figure 8B’s represen-
tation, segmenting the inner object into two objects (Figure 8C).
Now, when the two images are compared, one can better see how
the images relate to each other: the right image contains the left
image, plus an additional edge.

Complex perceptual reorganization. Sometimes, the strategy
above is not enough. Consider Figure 9. At the object level, the left
image might contain two objects: a square and an ‘X;’ and the right
image might contain a single object: an hourglass. Suppose the initial
comparison aligned the square with the hourglass. These are com-
pletely different shapes, so at this stage, the relation between the
images is poorly understood. Furthermore, because neither shape is a
subshape of the other, basic perceptual reorganization is not an option.

However, one might recognize that the corresponding objects
share some common parts: horizontal edges at the top and bottom.
With this strategy, one explores these commonalities by breaking
each object down into its parts. The objects are segmented into
separate entities for each edge, and the comparison is repeated.
Now, suppose the X shape in the left image corresponds to one of
the diagonals in the right image. Again, they share a common part,
so the X shape is broken down into its edges.

When the comparison is repeated, one gets a set of correspond-
ing edges in the two images: the two diagonals correspond, and the
top and bottom horizontal edges correspond. Because these edges
are common across the two images, one can group them back
together into a single object. This produces three objects in the left
image: an hourglass, and the two vertical edges. It produces one
image in the right object: an hourglass. Finally, the comparison is
repeated, and a new understanding emerges: the left image con-
tains the right image, plus vertical edges on its right and left sides.

Complex reorganization requires more steps than basic reorga-
nization. It places greater demands on an individual’s abstraction
ability; in this example, one must move fluidly between the object
and edge levels. It also places greater demands on working mem-
ory; to solve Figure 9, one must consider all the edges at once,
rather than merely the edges in each object. Thus, we would expect
comparisons involving complex perceptual reorganization to re-
quire significantly more effort than comparisons involving basic
perceptual reorganization.

Difference Identification

Both geometric analogy and RPM problems require an individ-
ual to compare images and identify the key differences between
them—in other words, how are the objects changing between
Images A and B in a geometric analogy problem (Figure 6B), or
across a row of images in an RPM problem (Carpenter et al.,
1990). We use the term pattern of variance for a symbolic,
qualitative representation of the differences across two or more
images. Differences may include:

1. Spatial relations being added, removed, or reversed. In
Figure 6B, a contains relation is removed and a right of
relation is added between A and B.

2. Objects being added, removed, or transformed. In Figure
6B, the dot shape is removed.

Top–down comparison provides an effective means for com-
puting patterns of variance. Analogical mapping identifies changes
in the relational structure, or objects in one image that have no
corresponding object in another image. Shape comparison identi-
fies transformations, such as when an object rotates.

Patterns of variance may be reminiscent of transformational
distance models of similarity, where two stimuli are compared by
computing the transformations between them (e.g., Hahn, Chater,
& Richardson, 2003). However, they are distinct in that patterns of
variance are the result of the comparison, and not the actual
mechanism of comparison.

Patterns of Variance in RPM

RPM is unique among the tasks we’ve considered in that it
requires computing patterns of variance across rows of three
objects. These patterns can be complex, and identifying the correct
pattern type is critical to solving the problems (Carpenter et al.,
1990). We propose that the patterns may be characterized via two
binary parameters, resulting in four pattern types. Consider the
example problems in Figure 3.

Contrastive/descriptive patterns. Many RPM problems in-
volve the objects changing in some way as you look across each row
of the matrix. For example, in Problem A, one object moves from the
left to the right side of the other object, while it rotates clockwise.
Each row of Problem A could be represented with a contrastive
pattern of variance which captures these changes. On the other hand,
other problems involve some set of objects appearing in each row. In
Problem B, each row contains a square, a circle, and a diamond,
although the order in which these appears varies across rows. These
rows each could be represented with a descriptive pattern of variance,
which simply describes each image in the row.

Although a descriptive pattern doesn’t explicitly describe differ-
ences, it is sensitive to them. In the top row of Problem B, there is an
inner circle in each image. Because this circle does not change across
the images of the row, it is not included in the pattern of variance.
Thus, the pattern only describes the square, circle, and diamond
shapes, which are the key information needed to solve the problem.

Holistic/component patterns. Patterns may also be classified
as holistic or component. The examples given above are holistic
patterns, where differences between entire images are represented. In
component patterns, images must be broken down into their compo-
nent elements, which are represented independently. For example,
Problem D requires a component descriptive pattern which essentially
says: “Each row contains a circle, a square, and a diamond. Indepen-
dently, each row also contains a group of squares, a horizontal line,
and an ellipse.” Which objects are paired together in the images will
vary across rows, and so it cannot be a part of the pattern.

A given matrix row can be represented using any of the four pattern
types. Thus, to determine if one has chosen the correct type, one must
compare the patterns for the top and middle rows. This can be done
using the same analogical mapping process. If the patterns align, thisFigure 9. Complex perceptual reorganization facilitates this comparison.
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confirms that the rows are being represented correctly. If not, it will be
necessary to backtrack and represent the rows differently.

One open question is whether some pattern types are more
difficult to represent than others. In particular, as the patterns
become more abstract and farther from the initial concrete images,
will they be processed less fluently (Kroger et al., 2004)? Com-
paring contrastive and descriptive patterns, contrastive patterns
appear more abstract, as they describe the differences between
images, rather than the contents of each image. Comparing holistic
and component patterns, component patterns appear more abstract,
as they isolate each object from the image in which it appeared.
The simulation below presents an opportunity to compare these
pattern types and determine their relative difficulty.

Visual Inference

Finally, a set of differences can be applied to one image to infer
a new image. Consider our geometric analogy example (Figure
6B). First, Images A and B are compared with compute a pattern
of variance between them, as described above. Next, Images A and
C are compared to identify the corresponding objects. Finally, the
A/B differences are applied to image C to infer D’, a representation
of the answer image. In this case, the dot is removed and the Z
shape is moved to the left of the pie shape. Note that because this
inference is performed on qualitative, symbolic representations, the
resulting D’ is another representation, not a concrete image. Thus, the
problem-solver can infer that the Z shape should be on the left, but
they may not know the exact, quantitative locations of the objects.

Visual inference can also be performed on the patterns of
variance in RPM. Consider Problem A (see Figure 3). The pattern
of variance for the top row indicates that one object moves to the
right while rotating clockwise. By comparing the images in the top
and bottom rows, one can determine that the arrow maps to the
rectangle, and the circle maps to the trapezoid. Thus, one infers
that in the answer image, the rectangle should move to the right of
the trapezoid and rotate clockwise.

Note that the above strategy is not the only way to solve Problem
A. Alternatively, one might use a second-order comparison strategy:
(a) Compare images in the top row, compute a pattern of variance; (b)
for each possible answer, insert it into the bottom row and compute a
pattern of variance; and (c) compare the top row pattern to each
bottom row pattern, and pick the answer that produces the closest fit.
Later, we use the model to explain why people might use a visual
inference strategy or a second-order comparison strategy.

Model

Our computational model builds on the above claims, in particular:
(a) analogy drives visual problem solving, (b) hierarchical hybrid
representations (HHRs) capture visual information, and (c) problem
solving is a strategic search through the representation space. If
interested, the reader may download the computational model and run
it on example Problems A–K.2 The model possesses two key
strengths:

1. The model is not strongly tied to Raven’s Matrices. It
uses the Structure-Mapping Engine, a general computa-
tional model of analogy, and it incorporates operations
that have been used to model other visual problem-
solving tasks, including geometric analogy (Lovett &
Forbus, 2012) and the visual oddity task (Lovett & For-
bus, 2011a). Furthermore, the visual representations used
here are identical to those used in the geometric analogy
model, and nearly identical to those used in the oddity
task model.3 Thus, this model allows us to test the
generality of our claims.

2. The model possesses multiple strategies for solving a
problem. One strategy solves the simpler, more visual
problems found in the first section of the Standard Pro-
gressive Matrices (SPM) test (e.g., Problem I). The other
two strategies, described in the next section, capture
alternative approaches for solving typical 3 � 3 prob-
lems. Although including both strategies is not necessary
for solving the problems, it allows us to more fully model
the range of human problem-solving behavior.

This section is divided up as follows. First, we provide an
overview of how the model solves problems, walking through
several examples and covering the special cases where a 3 � 3
matrix is not used (example Problems I, J, and K). Second, we
summarize the existing systems on which the model is built. Third,
we describe the basic operations used to model RPM and other

2 See http://www.qrg.northwestern.edu/software/cogsketch/CogSketch-
v2023-ravens-64bit.zip (Windows only). The reader may also download
the source code for the model. http://dx.doi.org/10.1037/rev0000039.supp

3 The only difference from the oddity task model is the inclusion of an
attribute describing the relative size of an object. This attribute has been
included in later versions of the oddity task model.

Figure 10. Overview of the Raven’s Matrices model.
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visual problem-solving tasks. Fourth, we cover the strategic deci-
sions the model must make during problem solving. As we shall
see, the difficulty of a problem depends greatly on the outcome of
the strategic decisions, and thus they allow us to explore what
makes a problem difficult and what makes an individual an effec-
tive problem-solver.

Figure 10 illustrates the steps the model takes to solve 3 � 3
matrix problems. Each problem is solved through a series of
comparisons, first comparing the images in a row to generate a
pattern of variance that describes how the images are changing,
then comparing the patterns in the top two rows. Each of these
comparisons requires a strategic search for the representation that
best facilitates the comparison. Finally, the model solves a prob-
lem using one of two strategies: visual inference (step 5) or
second-order comparison (step 6). Below, we walk through the
steps using Problems A, D, and G as examples.

Step 1

The model automatically generates a representation for each
image in the problem (i.e., each cell of the matrix). The model
generates the highest-level representation possible, focusing on the
big picture (e.g., groupings of objects), rather than the small details
(edges within each object). Each representation includes a list of
objects and set of qualitative relations between the objects, as well
as qualitative features for each object. The set of qualitative
relations and features is known as a structural representation, and
it allows two images to be compared via structure mapping.

In Problem A, the upper leftmost image representation would
indicate that there are two objects, one open and one closed. The
closed object is right of the open object. The closed object is
curved and symmetrical (this is just a sampling of the represen-
tation). In Problem D, the three squares in the upper leftmost
image would be grouped together based on similarity. The repre-
sentation would describe a group which is located above an
object. In the Problem G, the representation would include two
objects: an ellipse and an X shape inside the ellipse.

Step 2

The adjacent images in the top row are compared via top–down
comparison: first the images are compared to identify correspond-
ing objects, and then the corresponding objects are compared to
identify shape changes and transformations. The full set of differ-
ences is encoded as a pattern of variance: a qualitative, symbolic
representation of what is changing between the images.

In Problem A, the pattern indicates that an object moves from
left of to within to right of another object while rotating. In
Problem D, the pattern indicates that the objects are entirely
changing their shapes between each image. In Problem G, the
pattern, which matches the ellipse shape to an hourglass shape to
a simpler, squared-off hourglass shape, is largely unsatisfying.
However, the comparison indicates that corresponding objects
have some parts in common (the vertical and diagonal edges).
Therefore, the model initiates complex perceptual reorganization,
breaking the objects down into their component edges. Grouping
the corresponding edges backup, it determines that each image
contains the squared-off hourglass shape found in the rightmost
image. Thus, the change is that there are first two horizontal

curves, then two vertical curves, then neither, while the squared-
off hourglass remains the same.

Step 3

The same steps are performed for the middle row.

Step 4

The patterns of variance for the top two rows are compared via
structure mapping. A generalized pattern consisting of the com-
mon elements to both rows is generated.

In Problem A, the rows are a perfect match: they both contain an
object moving to the right and rotating. Similarly, in Problem G
they both contain two horizontal curves, then two vertical curves,
then neither. In Problem D, however, there is a bad match: in the
top row, there is a change from circle to square, whereas in the
middle row there is a change from diamond to circle (as described
below, the model does not know terms like “square,” but it is able
to distinguish different shapes). Thus, the model must search
through the range of possible representations for a pattern of
variance.

The typical representation is a holistic contrastive representa-
tion, which represents the changes between each image. Here, the
model gets better results with a component descriptive represen-
tation. It is descriptive in that it describes what it sees, rather than
describing changes. For example, in the top row, it sees a circle, so
it expects to find a circle somewhere in the middle row. It is
component in that it does not group objects together in images. The
circle and the group of square are in the same image in the top row,
but it does not expect to find them in the same image in the next
row. Essentially, the representation says that in each row there is
a circle, a square, and a diamond; and also a group, a horizontal
edge, and an ellipse. Using this representation, the model finds a
perfect fit between the rows.

Step 5

When possible, the model attempts to solve problems via visual
inference. It projects the differences to the bottom row and infers
the answer image. This first requires finding correspondences
between the bottom row objects and objects in a row above, again
using structure mapping.

In Problem A, the trapezoid and rectangle in the bottom row
correspond to the circle and arrow in the top row (based on
corresponding relational structure).4 The model infers that in the
missing image, the rectangle should be to the right of the trapezoid,
and it should be rotated 90° from its orientation in the middle
image. In Problem B, the objects in the bottom row correspond to
the objects in the top row. The missing objects are a circle and a
horizontal edge, so the model infers that the answer should contain
these objects.

In Problem G, the inference fails. The model required all three
images to perform complex perceptual reorganization on the above
rows, suggesting that all three images will be needed for a similar

4 Either the top or middle row can be compared with the incomplete
bottom row. The model actually uses whichever is closest to the bottom
row, in terms of number of elements per image.
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perceptual reorganization on the bottom row. Without knowing the
third image in the bottom row, the model abandons the visual
inference strategy. Another approach must be used to solve for the
answer.

Step 6

When visual inference fails, the model falls back on a simpler
strategy: second-order comparison. It iterates over the list of
answers and plugs each answer into the bottom row, computing the
bottom row’s pattern of variance. It selects the answer whose
associated pattern best matches the generalized pattern for the
above rows.

In Problem G, the model selects answer 4 because when the X
is plugged into the bottom row, it produces a similar pattern of two
horizontal curves, then two vertical curves, then neither.

The visual inference and second-order comparison approaches
map onto classic strategies for analogical problem solving. Psy-
chologists and modelers studying geometric analogy (“A is to B as
C is to . . . ?”) have argued over whether people solve directly for
the answer (Sternberg, 1977; Schwering, Gust, Kühnberger, &
Krumnack, 2009) or evaluate each possible answer (Evans, 1968;
Mulholland, Pellegrino, & Glaser, 1980), with some (Bethell-Fox,
Lohman, & Snow, 1984) suggesting that we adjust our strategy
depending on the problem. We previously showed how a geomet-
ric analogy model incorporating both strategies could better ex-
plain human response times (Lovett & Forbus, 2012).

Here, we model both strategies not because both are required—
the Carpenter model used visual inference exclusively, whereas
our own model could use second-order comparison exclusively
without a drop in performance. Rather, we hope to better explain
human performance by incorporating a greater range of behavior.
Following our geometric analogy model, this model attempts to
solve for answers directly via visual inference. When this fails, it
reverts to second-order comparison. In our analysis, we consider
whether people have greater difficulty on the problems where this
happens.

Solving 2 � 2 Matrices

The Standard Progressive Matrices (SPM) includes simpler 2 �
2 matrices (e.g., Problem K) which lack a middle row. Because
there is no way to evaluate the top row representation, the model
simply assumes that a contrastive representation is appropriate,
skipping Steps 2 and 3 above. Problem solving is otherwise the
same.

Solving Nonmatrix Problems

In addition to visual inference and second-order comparison, the
model utilizes a texture completion strategy for solving more basic
problems which are not framed in a matrix (e.g., Problem I).
Because texture detection is a low-level perceptual operation that
does not distinguish objects and their relations (Julesz, 1984;
Nothdurft, 1991), this strategy does not rely on qualitative struc-
ture. Instead, it operates directly on the concrete image, in the form
of a bitmap. It scans across the top half of the image, looking for
a repeating pattern (Figure 11A). It then scans across the bottom
half, inserting each possible answer into the missing portion of the
image. If one answer produces a pattern that repeats at a similar
frequency, that answer is selected.

Some Section A problems are more complex (Problem J). If
texture completion fails, the model turns the image into a 2 � 2
matrix. It does this by carving out three other pieces of the image
(Figure 11B), such that the missing piece will be the bottom right
cell in the matrix. Now, the problem can be solved in the way other
2 � 2 and 3 � 3 matrices are solved.

Existing Systems

The model builds on two preexisting systems: the CogSketch
sketch understanding system (Forbus, Usher, Lovett, Lockwood,
& Wetzel, 2011), and the Structure-Mapping Engine (SME; Falk-
enhainer et al., 1989). CogSketch is used to process the input
stimuli, generating visual representations for problem solving.
SME plays a ubiquitous role in the model, performing comparisons
between shapes, images, and patterns of variance. The systems are
briefly described below.

CogSketch. CogSketch is an open-domain sketch understand-
ing system. It automatically encodes the qualitative spatial rela-
tions between objects in a 2-D sketch. To produce a sketch, a user
can either (a) draw the objects by hand or (b) import 2-D shapes
from PowerPoint. Importing from PowerPoint is useful for cogni-
tive modeling because psychological stimuli can be recreated as
PowerPoint slides, if they are not in that form already.

CogSketch does not fully model visual perception. It depends on
the user to manually segment a sketch into separate objects,
essentially telling the system where one object stops and the next
begins (as described below, the model can automatically make
changes to the user’s segmentation when necessary). Given this
information, CogSketch computes several qualitative spatial rela-
tions, including topology (e.g., one object contains another, or two
objects intersect) and relative position. The relations are a basic
model of the features a person might perceive in the sketch. In this

Figure 11. Strategies for solving Problems I and J.
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work, we use CogSketch to simplify perception and problem
solving in three ways:

1. Each RPM problem is initially manually segmented into
separate objects. Problems are recreated in PowerPoint,
drawing one PowerPoint shape for each object,5 and then
imported into CogSketch. The experimenters attempt to
segment each image into objects consistently, based on
the Gestalt grouping rules of closure and good continu-
ation (Wertheimer, 1938), that is, preferring closed
shapes and longer straight lines. We note that the system
may revise this segmentation based on its automatic
grouping processes, and based upon perceptual reorgani-
zation.

2. For nonmatrix problems (e.g., Problems I–J), the large,
upper rectangle is given the label “Problem” within Cog-
Sketch. The smaller shape within this rectangle that sur-
rounds the missing piece is given the label “Answer.”
The model uses this information to locate these objects
during problem solving.

3. Each RPM problem is segmented into separate images
(i.e., the cells of the matrix and the list of possible
answers) using sketch-lattices. A sketch-lattice is an N �
N grid that can be overlaid on a sketch. Each cell of the
grid is treated as a separate image, for the purposes of
computing image representations. Sketch-lattices can be
used to locate particular images (e.g., the upper leftmost
image in the top sketch-lattice). RPM problems require
two sketch-lattices: one for the problem matrix, and one
for the list of possible answers.

CogSketch’s objects are the starting point for our model’s
perceptual processing. The model automatically forms higher-level
representations by grouping objects together and lower-level rep-
resentations by segmenting objects into their edges. It supplements
CogSketch’s initial spatial relations to form a complete HHR for
each image.

Structure-Mapping Engine

SME is a computational model of comparison based on
structure-mapping theory. It operates on structured representations
organized as predicate calculus statements (e.g., (right of
Object-A Object-B)). Given two representations, it aligns their
common structure to compute a mapping between them. A map-
ping consists of (a) a set of correspondences, (b) a similarity score,
and (c) candidate inferences based on carrying over unmatched
structure. For this work, we used a normalized similarity score,
ranging from 0 to 1. Note that SME is domain-general—it operates
on visual representations as easily as more abstract conceptual
representations.

One important feature in SME is the ability to specify match
constraints, rules that affect what can be matched with what. For
example, a user may specify that entities with a particular attribute
can only match with other entities that share that attribute. In the
visual domain, one can imagine a variety of possible match con-
straints (only allow objects with the same color, or size, or shape
to match, etc.). To support creative reasoning and comparison, our

model uses no match constraints in its initial comparisons. As
described below, it dynamically adds constraints when necessary
as part of the problem-solving process.

Model Operations

The RPM model builds on a set of operations which have
previously been used to solve other visual problem-solving tasks.
Figure 12 illustrates the operations used at each step in the process
(compare with Figure 10). Below, we describe each operation,
including its input, its output, and any additional options available
when performing the operation (e.g., the option of representing
either a contrastive or descriptive pattern of variance). In the
following section, we discuss the key strategic decisions made
regarding these options at each step.

See the Appendix for additional details on how each operation
is implemented.

Encode. Given an image, this produces a qualitative, struc-
tural representation at a particular level in the spatial hierarchy
(Edges, Objects, or Groups). The representation contains a list of
elements and a list of symbolic expressions. For example, an
object-level representation would list the objects in an image and
include relations like (right of Object-A Object-B). An edge-level
representation would list the edges in an object and include rela-
tions like (parallel Edge-A Edge-B). A group-level representation
would include any groups that could be formed (e.g., a row of
identical shapes could be grouped together) but otherwise be
identical to the object level. Note that objects may include closed
shapes (e.g., a circle), open shapes (e.g., an X), texture patches (a
grouping of parallel edges), and negative space. See the Appendix
for more details.

Additional options. The level of the desired representation
(Edges, Objects, or Groups) can be specified. Note that the RPM
model, in keeping with HHRs, begins by representing at the
highest level, Groups, because representations are sparser and
easier to compare at this level.

Compare Shapes. This operation takes two elements and
computes a transformation between them by comparing their
parts—that is, it compares the edges in two objects or the objects
in two groups. Like the other comparison operations (see below),
it compares qualitative, structural representations using SME.

Compare Shapes can produce shape transformations, shape
deformations, and group transformations. The shape transfor-
mations are rotations, reflections, and changes in scale. The
shape deformations are lengthening, where two edges along a
central axis grow longer (Figure 13A); part-lengthening, where
two edges along a part of the object grow longer (13B); part-
addition, where a new part is added to the object (13C), and the
subshape deformation, where two objects are identical, except
that one has extra edges (used to trigger basic perceptual
reorganization, as in Figure 8).

The group transformations are identical groups, larger group
(similar to subshape where two groups are identical except that
one has more objects), different groups (where groups have dif-
ferent arrangements of the same objects), and object to group

5 Some objects cannot be drawn as a single shape, due to PowerPoint’s
limitations. These are drawn as multiple shapes, imported into CogSketch,
and then joined together using CogSketch’s merge function.
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(where a single object maps to a group of similar objects). As with
subshape, the larger group and object to group transformations
may serve as triggers for basic perceptual reorganization.

Recognize Shape. This operation assigns a shape category
label to an object. Although the model has no preexisting knowl-
edge of shape types (e.g., “square”), it can learn categories for the
shapes found within a particular problem. Shapes are grouped into
the same category if there is a valid transformation between them
(scaling � rotation or reflection). When a new element is encoun-
tered, it is recognized by comparing it to an exemplar from each
shape category. If it does not match any category, a new category
is created.

Objects may be assigned arbitrary labels for their shape catego-
ries, which apply only in a particular problem context (e.g., all
squares might be assigned the category “Type-1” within the con-
text of solving a problem).

Compare Images. Given two image representations, Com-
pare Images performs top–down comparison. First, it compares
the image representations with SME to find the corresponding
groups or objects. Then, it calls Compare Shapes on those corre-
sponding elements, in order to compute any shape transformations.
It returns (a) a similarity score for the two images, computed by
SME but modified based on whether corresponding elements are
the same shape; (b) a set of corresponding elements; (c) a set of
commonalities, based on those parts of the representations that
aligned during the SME mapping; and (d) a set of differences.

There are three types of differences: (a) changes in the relational
structure, found by SME, for example, a change from (above
Object-A Object-B) to (right of Object-A Object-B); (b) additions
or removals of elements between the images (i.e., when an object
is present in one image but absent in the next); and (c) shape

transformations between the images (see Compare Shapes above
for a list of possible shape transformations). In some cases, an
object may change shape entirely, as when a square maps to a
circle. In this case, the transformation is encoded as a change
between the two shapes’ category labels.

Find Differences. This operation compares a sequence of
images, using Compare Images, and produces a pattern of vari-
ance, a structural representation of the differences between them
(see the previous section for a list of possible difference types). For
example, suppose Find Differences was called on the top row in
Problem A. It would compare adjacent images (the left and middle
images, and the middle and right images), identifying the corre-
sponding objects. Here, the circle shapes correspond and the arrow
shapes correspond. It would then encode the changes between
adjacent images, using the differences from Compare Images.
Between the first two images, the circle shape changes from being
right of the arrow to containing the arrow. Also, the arrow rotates
90°. Between the next two images, the arrow moves to the right of
the circle and rotates again.

Additional options. As discussed above, much of the strategy
in RPM relates to rows of images: how they should be compared,
and how their differences should be represented. Find Differences
supports several strategic choices regarding how images are com-
pared:

1. Basic perceptual reorganization can be triggered, based
on one object (or group) being a subshape of another. For
the top row of Problem E, the middle object is a subshape
of the right object, so the right object can be segmented
into objects, one identical to the middle object and one
identical to the left object.

Figure 12. Overview of the Raven’s Matrices model with operations.

Figure 13. Examples of shape deformations.
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2. Complex perceptual reorganization can be triggered,
based on two objects (or groups) sharing common parts.
This is used in Problem G.

3. First-to-last comparison can be performed. That is, the
first and last images can be compared, even though they
are not adjacent. For the top row in Problem H, this
allows one to see that the curved edge in the left image
matches the curved edge in the right image.

4. Strict shape matching can be enforced for some or all
shape categories. This means the SME mapping is con-
strained to only allow identically shaped objects to match
each other. This is paired with first-to-last comparison. In
Problem H, it would ensure that the curved edge in the
left image doesn’t map to anything in the middle image.
Thus, Find Differences would determine that there is an
object present in the first and last image, but not the
middle image.

Find Differences also supports two strategic decisions for how a
row’s pattern of variance is represented, once it has been com-
puted.

1. A pattern can be contrastive or descriptive. A contrastive
pattern represents the differences between each adjacent
pair of images, whereas a descriptive pattern describes
each image, abstracting out features that are common
across the images. Shape labels from Recognize Shape
are used to capture information such as “This row con-
tains a square, a circle, and a diamond.” Typically a
contrastive pattern includes ordering information, indi-
cating the first second and third images in a row, while a
descriptive pattern does not.

2. A pattern can be holistic or component. A holistic pattern
represents the row in terms of images, including what
changes between images (contrastive) or what is present
in each image (descriptive). Alternatively, a component
pattern ignores the overall images and represents how
each individual object changes (contrastive) or what ob-
jects are present in the row (descriptive).

If every image contains only a single object, then a component
descriptive pattern breaks the objects down into their features and
represents those separately. In Problem C, each row contains a
parallelogram, a circle, and a triangle; and a black object, a white
object, and a gray object.

A component pattern of variance is the most abstract kind,
because it abstracts out the image itself. Two things necessarily
following from this: (a) ordering is not constrained, as there are no
images to order and (b) spatial relations are not represented, as
objects are no longer tied together in an image.

Generalize. Like Find Differences, this operation compares
two or more items via SME. However, instead of encoding the
differences, it encodes the commonalities, that is, the attributes and
relations that successfully align. It returns (a) a similarity score,
computed by SME and (b) a new representation, containing the
commonalities in the compared representations, that is, the expres-
sions that successfully aligned.

Infer Shape. This operation applies a shape transformation to
an object to produce a novel object. It provides a way of solving
geometric analogy problems (“A is to B as C is to . . . ?”) wherein
we have a transformation between A and B, and we want to apply
it to C to infer D. For example, in Figure 14A we have a reflection
over the x-axis between shapes A and B. Applying this to Shape C
produces D. Suppose instead we have Figure 14B, where this is no
transformation between A and B. Normally, if there is no trans-
formation, the operation cannot complete. However, in this case
the operation exploits a feature of analogy problems: “A is to B as
C is to D” is equivalent to “A is to C as B is to D” (Grudin, 1980).
If there is no valid transformation between A and B, the operation
checks for a transformation between A and C.

Infer Shape also makes changes to an object’s color or texture.
For example, suppose that in the A–�B comparison, the fill color
is changed, or a texture gets added or removed. The operation will
similarly change the fill or texture of C to produce D.

Infer Shape also works on shape deformations (Appendix).
Infer Image. This operation applies a complete row’s pattern

of variance to an incomplete row to infer the missing image. It
produces a qualitative, structural image representation, along with
a list of the elements (objects and groups) in the image. This
information is sufficient to support top–down comparison between
the inferred image and existing images to select the best answer.

Infer Image works in two steps: (a) Compare the complete row
to the incomplete row, identifying the corresponding elements, and
(b) apply the differences from the complete row to the correspond-
ing elements in the incomplete row, inferring the missing image.
For example, consider Problem A. The operation compares the top
row to the bottom row (after computing a pattern of variance for
each). The circle maps to the trapezoid and the arrow maps to the
rectangle because in each case the smaller shape rotates and moves
inside the larger shape. The model takes the differences between
the top row’s second and third images and applies them to the

Figure 14. Examples of Infer Shape with reflections.

T
hi

s
do

cu
m

en
t

is
co

py
ri

gh
te

d
by

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n

or
on

e
of

its
al

lie
d

pu
bl

is
he

rs
.

T
hi

s
ar

tic
le

is
in

te
nd

ed
so

le
ly

fo
r

th
e

pe
rs

on
al

us
e

of
th

e
in

di
vi

du
al

us
er

an
d

is
no

t
to

be
di

ss
em

in
at

ed
br

oa
dl

y.

73MODELING VISUAL PROBLEM SOLVING



bottom row, inferring that the rectangle should rotate and be to the
right of the trapezoid.

There are two ways that Infer Image can fail. First, it may be
unable to apply a shape transformation. For example, there might
be a part removal deformation, but the target object might lack
extra parts to be removed. Second, the operation may find that
there is insufficient information to compute the incomplete bottom
row’s pattern of variance. This happens on problems involving
perceptual reorganization (e.g., Problem G). Here, the model sees
that in the top row, the first and second images were both reorga-
nized, suggesting that information from the third image was nec-
essary to reorganize them. Because there is no third image in the
bottom row, the model does not attempt to complete the operation.

Detect Texture. This operation implements the texture com-
pletion strategy for nonmatrix problems (e.g., Problem I). Unlike
the other operations, it does not use HHRs—instead, it prints every
object in an image to a bitmap and operates directly on that bitmap.
Given an image, and the location of a corridor along that image
(e.g., the gray rectangles in Figure 11A), it scans along the corri-
dor, looking for a repeating pattern.

Additional options. Some additional options are listed below.

1. Detect Texture can be directed to insert a second image
into the first image at a certain point. For example, it can
insert one of the answer images into the hole (the object
labeled “Answer”) and evaluate how well that completes
the texture.

2. Detect Textures can be directed to only consider textures
at a particular frequency. After finding a repeating tex-
ture at a particular frequency on the top part of Figure
11A, it can be directed to seek out an answer that pro-
duces a texture at the same frequency in the bottom part.

Strategic Decisions

We now consider the strategic decisions made at each step in the
problem-solving process.

1. Encoding each image. As described above, images are
always encoded at the highest level possible, Groups, meaning
similar objects are grouped together. This ensures a sparse, simple
representation for problem solving.

2/3. Computing a pattern of variance for each row. If there
are fewer differences between images, then patterns of variance
will be more concise, and thus easier to store in memory. Thus,
when computing a row’s pattern of variance, the model tries to
minimize differences between corresponding objects. It attempts to
meet the following constraints:

A. Identicality. It’s always best if corresponding objects are
identical.

B. Relatability. If corresponding objects aren’t identical,
there should be at least some valid transformation or de-
formation between them.

C. Correspondence. Whenever possible, an object in one
image should at least correspond to something in another.

If relatability is violated, the pattern of variance must describe a
total shape change. If correspondence is violated, the pattern must
describe an object addition. It is assumed that either of these makes
the pattern more complex and more difficult to store in memory.
Below, we refer to violations of relatability or correspondence as
bad object matches.

Figure 15 describes how the model pursues the above con-
straints. Essentially, the model calls the Find Differences operation
repeatedly. Each call produces a pattern of variance for the row.
The model evaluates the results, and if certain conditions (speci-
fied in the figure) are met, it calls an updated Find Differences
operation, specifying changes to the way images are represented or
compared.

Step I (in Figure 15) is the initial call to Find Differences. Steps
II and III support basic and complex perceptual reorganization.
Basic perceptual reorganization is helpful for Problem E, a figure
addition problem. Because the second image in each row is a
subshape of the third image, the third image is segmented into two
objects. These objects are identical to the first and second image,
allowing the model to detect figure addition.

Complex perceptual reorganization is helpful for Problem G.
Consider the top row. In the initial pattern of variance (Step I), the
corresponding objects are all different shapes. Because they con-
tain similar edges, they are broken down into their edges (Step III),
with each edge treated as a separate object.

Step IV checks whether there are matching objects in the first
and last images of a row. Note that Find Differences only performs

Figure 15. Steps for computing a row’s pattern of variance (each step is a call to Find Differences).
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this check when there are bad object matches in the first or last
image. If there are, it compares the first and last images and checks
whether this places any such bad objects into correspondence with
identical objects.

In the second row of Problem H, the curved edges are bad object
matches—neither aligns with a similar shape in the middle image.
Therefore, the first and last images are compared, and the model
discovers that the curved edges match perfectly. This triggers Step
IV, in which the first and last images in the row are compared as
part of the pattern of variance. At this step, the model further
requires that curved edges can only match to other objects with
identical shapes. This can be specified via an SME matching
constraint. It ensures that the circle in the second image will not
match the curved edge in the first image. Thus, in the resulting
pattern of variance, we find that the curved edge is present in only
the first and last images.

Note that Step IV also applies to Problem E. Here, each row’s
third image contains a leftover object. When the third and first
images are compared, the model discovers a perfect match to this
leftover object. Thus, it finds that the third image contains both the
objects found in the previous two images.

Step V implements the second half of complex perceptual
reorganization: objects with the same correspondence pattern are
grouped back together. In the top row of Problem G, the edges
forming the squared-off horizontal hourglass shape are found in all
three images. Thus, these are grouped together to form a single
object in each image. Similarly, in the second row, the edges
forming the squared-off vertical hourglass are grouped together.
Now each row contains one object that stays the same, along with
the following changes: the first image has two vertical edges, the
second image has two horizontal edges, and the third image has
neither.

Step VI contains an additional heuristic for improving patterns
of variance. If there are mismatched objects (violating relatability)
and SME has found a lower-scoring, alternative image mapping
that places better-matched objects into correspondence, the model
switches to the alternative mapping.

Step VII finalizes the first-to-last comparison strategy. If this
strategy was previously implemented in Step IV, the model now
requires that every object only match to other identical objects (i.e.,
objects with the same shape type). This makes the conservative
assumption that if we are dealing with complex correspondences
(between the first and last images), we will not also be dealing with
shape transformations (where nonidentical shapes correspond).
Although this is the correct approach for the Standard Progressive
Matrices test, future tests may challenge this assumption.

4. Comparing the patterns of variance for the top two rows.
There are multiple ways to represent variance across a row of
images. Carpenter et al.’s (1990) model has five rule types for
describing variation. In contrast, the present model makes two
strategic decisions when representing each row’s pattern of vari-
ance. It evaluates these decisions by comparing the top two rows’
patterns. If the patterns are highly similar, this indicates that the
same differences have been detected in each row. If the patterns
are not similar, this suggests that the rows are being represented
incorrectly.

Recall that the decisions are descriptive/contrastive and holistic/
component. A contrastive type represents the differences between
images, whereas a descriptive type describes what is found in each

image. A holistic type represents how images vary, whereas a
component type represents how objects vary, independent of the
image in which they are found.

The model iterates over the strategies in the following order:
holistic contrastive, holistic descriptive, component descriptive,
component contrastive. It evaluates each strategy by building a
pattern of variance for the two rows and comparing them. It stops
once a strategy is sufficient. If no strategy is sufficient, it picks the
highest-scoring valid strategy. The criteria for sufficiency and
validity depend on the strategy:

Holistic contrastive. This default strategy is always valid. It is
sufficient if the similarity of the two rows, as computed by SME,
is above a threshold. For our simulation, we use a threshold of
0.80, where 1.0 would indicate a perfect match. However, a
sensitivity analysis found that this threshold could vary from .67 to
.87 and the results would be the same, both for the simulation
reported here and for our geometric analogy simulation (Lovett &
Forbus, 2012).

Holistic descriptive. This is the most concrete approach, be-
cause it represents what holds in each image, rather than differ-
ences between images. No leeway is allowed in the comparison.
The strategy is valid and sufficient only if there are no differences
detected between the rows.

Component. It is easy for component patterns of variance to
appear similar—because spatial relations are abstracted out, only
object attributes and transformations must align to produce a
perfect match. Further restrictions must be applied, or component
patterns will often override other, more informative patterns. Thus,
they are restricted to only being valid when they produce an
otherwise impossible mapping, for example, one where two top-
row objects in the same image map to two middle-row objects in
different images.

5/6. Solving via visual inference or second-order comparison.
After computing a generalized pattern of variance from the top
two rows, the model applies the pattern to the bottom row to
infer an answer image representation. First, the model builds a
pattern of variance for the first two images in the bottom row.
It applies any strategic shifts made on the first two rows, for
example, component versus descriptive patterns, holistic versus
component patterns, or constraining matches to only be between
identical shapes. Next, it generates the answer representation
using the Infer Image operation (described above). Infer Image
may fail if:

1. A shape transformation cannot be applied.

2. There is insufficient information for perceptual
reorganization.

If visual inference succeeds, the model takes the inferred image
representation and finds the best match among the answers. When
the model compares the inferred image to a possible answer image,
it can again use perceptual reorganization to improve the match.

If visual inference fails, the model reverts to second-order compar-
ison. It iterates over the answers. For each answer, it inserts it into the
bottom row and computes a pattern of variance, again using the
strategic decisions from the top two rows. It compares each answer’s
pattern of variance to the generalized pattern from the above rows.
The answer producing the most similar pattern is chosen.
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Evaluation

The model was evaluated on the 60-item Standard Progressive
Matrices (SPM) test. The test problems were recreated in Power-
Point and imported into the CogSketch sketch understanding sys-
tem, as described above.

We also gathered human performance data, for comparison.
SPM has been studied extensively in the past. However, we built
a computerized version of the test, allowing access to data not
typically available from paper versions, such as response times and
answers test-takers considered before making their final answer.

In conducting this evaluation, our goal was to explore the repre-
sentations, processes, and strategic shifts made by the model—to what
extent are they sufficient for performing at a human level, and to what
extent are they useful in explaining why a problem is easy or difficult
for humans. For example, is a problem more difficult if it requires
complex perceptual reorganization? Our goal was not to test the
particular order in which the model performs operations and makes
strategic decisions. We suspect humans vary a great deal in the order
in which they perform operations.

For example, in studying a related geometric analogy task, Bethell-
Fox, Lohman, and Snow (1984) found that higher-performing indi-
viduals preferred to solve directly for the answer (similar to our
model’s visual inference strategy), whereas others were more likely to
try out each possible answer (similar to our model’s second-order
comparison strategy). In contrast, our model always attempts visual
inference first. Although our approach offers the possibility of ex-
plaining individual differences through separate models that match
different population groups (Lovett & Forbus, 2011a), we view this as
future work for the present domain.

Below, we describe the behavioral study. We then present the
model simulation.

Behavioral Study

In this study, participants were given a computerized version of
portions of the SPM. Their responses and response times were
recorded for comparison with the computational model.

Method. The SPM consists of five 12-problem sections. Sec-
tion A uses 1 � 1 matrices, Section B uses 2 � 2 matrices, and the
remaining sections use 3 � 3 matrices. Only the 3 � 3 matrices
were used in the behavioral study, as our emphasis is on explaining
how people solve these more difficult problems. It is possible that
participants would do worse on these problems without having
first solved the easier 2 � 2 matrices. Therefore, participants were
given two 2 � 2 matrices for practice.

Participants. The test was administered to 42 Northwestern
University students. There were 16 males and 26 females. All
students ranged from 18 to 22 years old, with a mean age of 18.8
and a median age of 18.

Materials. The experiment was run in CogSketch. CogSketch
has a built-in harness to support behavioral experiments. Within
CogSketch, participants viewed scanned-in images of each SPM
problem, including the list of possible answers. When they clicked
on an answer, a square appeared around that answer. However,
participants were still free to consider the chosen answer and
potentially change their mind.6

Overall, the test used the 36 3 � 3 problems from SPM Sections
C–E, as well as two 2 � 2 problems from SPM Section B: B3 and
B9. The problems from Section B were used for practice. We

included an early B section problem and a later B section problem
to provide greater range, as problems are designed to get progres-
sively more difficult within each section.

Procedure. Participants began with a brief training period.
Instructions within CogSketch described how matrix problems
work and told participants that they had up to an hour to finish the
problems, but that they might finish in less time. Participants
solved two 2 � 2 matrices from Section B of the SPM (B3 and
B9). Participants were given feedback after each response.

Participants then answered 36 problems, Sections C–E of the
test, in order. Participants answered each problem by clicking on
their chosen answer, causing a square to appear around it, and then
hitting the “Next” button. CogSketch recorded their final answer
for each question, as well as any previously selected answers.
Timing information was also recorded. After each question, par-
ticipants were given the option of taking a break and told to hit
“Next” when they were ready to continue.

Results

Two participants were removed from the analysis because they
fell more than two standard deviations below the mean. Among the
remaining 40 participants, the mean performance was 30.0/36.
Splitting by sections, the mean scores were:

Section C: 10.9/12

Section D: 10.7/12

Section E: 8.5/12

An individual with these scores would typically score a perfect
12/12 on the two easier sections (Raven et al., 2000b, Table
SPM2), resulting in an overall 54/60. This score is in the 61st
percentile for American adults, according to the 1993 norms (Ta-
ble SPM13).

The mean response time (considering only correct responses)
was 21.1 s, and the median (by item) was 15.9 s. Across the 36
problems, there was a remarkably high correlation between mean
accuracy and mean response time (r � �.89). Thus, participants
were more likely to fail on problems that took longer to solve.

Discussion

The participants performed above average, according to the
1993 US norms. However, these norms are fairly old, and RPM
scores are known to increase in a population over time (Raven et
al., 2000b). Thus it may be helpful to consider more recent data. In
2000, a large-scale examination of Estonians found that 18-year-
olds averaged 29.6/36 on the same sections (Lynn, Allik, & Ir-
wing, 2004). In addition to achieving the same mean score, the
Estonians showed similar error rates across the 36 problems (r �
.96, comparing the percentage of correct responses on each prob-
lem).

It may be surprising that students at a major university would
perform the same as average 18-year-olds. However, there are at least

6 This addresses a request by Raven, Raven, and Court (2000b), who
asked that any computerized version of the test allow participants to view
their chosen answer before committing to it.
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two reasons the Northwestern students’ scores might be deflated: (a)
They were taking a computerized version of the test, or (b) they were
taking the test as a psychological experiment, rather than as an
intelligence test. Previous studies (Arce-Ferrer & Guzmán, 2009;
Williams & McCord, 2006) have suggested that results are compa-
rable on computerized and paper versions of RPM. Therefore, we
suspect the students were less motivated because they saw the test as
a psychological experiment rather than an intelligence test. The data
on each problem’s relative difficulty should still be valid, given the
high correlation between Northwestern and Estonian error rates.

Simulation

We ran the computational model on the full, 60-problem SPM
test. Each problem was recreated as accurately as possible, with
two exceptions. First, on one problem dashed lines were replaced
with gray-colored lines. Presently, CogSketch lacks the perceptual
ability to recognize dashed lines. Second, the final problem (E12)
proved difficult to reconstruct, and it requires a strategy outside the
bounds of this model (or any other model we know of): computing
an arithmetic equation to relate the number of object parts in each
image. Thus, it was counted as an incorrect response and left out
of further testing. As described above, CogSketch requires that the
user manually segment each image into separate objects, although
the model can then perform grouping and segmentation operations.

Given the problems, the model automatically constructed image
representations using the Encode operation. Encode generated the
exact same representations as in our geometric analogy model (Lovett
& Forbus, 2012) and nearly the same as in our oddity task model
(Lovett & Forbus, 2011a).7 Thus, we can evaluate the generality of our
encoding scheme. Note that the initial representations produced by En-
code were updated and modified during perceptual reorganization.

Results and analysis. In analyzing the model’s performance,
three questions were asked. First, how many problems can the
model solve on each test section? If the model performs as well as
human adults, this indicates the model’s representations and pro-
cesses are sufficient for the task. Second, are the problems that are
hard for the model also difficult for humans? If the model’s error
patterns match human patterns, this further suggests that the mo-
del’s representations and processes are similar to those of humans.
And third, can the model help explain what determines a problem’s
difficulty? To evaluate the model’s explanation ability, each prob-
lem was coded for whether it required certain model operations,
and for its working memory load. A multiple linear regression
determined whether these factors explained human performance.

Sufficiency. The model solved 56/60 problems, placing it in the
75th percentile for American adults, by the 1993 norms. This also
placed it above the college-age participants, whose performance trans-
lated to a 54/60. Thus, the model appears at least as effective as the
average adult.

Among the 56 solved problems, the strategy breakdown is as
follows:

Texture Completion: 4

Visual Inference: 43

Second-Order Comparison: 9

The model solved most problems using visual inference. Only
nine problems required reverting to second-order comparison.

Note that four of these are from Section A, the 1 � 1 matrices.
Section A problems are conceptually easy, but they sometimes
present perceptual problems for the model. In most cases, the
model fell back on second-order comparison because of an error in
its shape or image representations.

Among the 3 � 3 matrix problems, the model solved 28 via
visual inference and four via second-order comparison. These four
problems will be considered in the analysis below.

Similarity. Breaking the score down by section, the model
achieved:

A: 12/12

B: 12/12

C: 12/12

D: 10/12 (failed on D11, D12)

E: 10/12 (failed on E11, E12)

The model answered all questions correctly on the easier 1 � 1
and 2 � 2 sections. It missed problems in only two sections.
Within Sections D and E, it missed the final two problems. RPM
is designed to get progressively harder, so one would expect the
final problems of each section to be the hardest.

According to the 1993 norms, the six hardest SPM problems were
(from easiest to hardest): D11, C12, E10, E12, D12, E11 (Raven,
Raven, & Court, 2000a, Table RS3C3). Thus, the four problems
where the model failed were among the six hardest problems. Ac-
cording to the present behavioral experiment, the hardest SPM prob-
lems were: C12, E9, D11, D12, E10, E12, E11 (we list the seven
hardest and mention C12 as it will be discussed below). Thus, the four
failed problems were among the five hardest.

Problems where the model fails are among the hardest for
human participants. This supports the argument that the model is
using humanlike representations and processes. However, the
model correctly solved some problems that are quite difficult for
people (C12, E10). The next question is: can the model explain
why those problems are difficult?

Explanation. We begin by discussing C12, an anomalous
problem that is surprisingly difficult for people. We then present a
series of linear models that converge on an explanation for prob-
lem difficulty in RPM.

Problem C12 (see Figure 16 for an analogous problem) is one of
the most difficult for human test-takers. This is surprising because
it is in one of the easier sections (C is the first to use 3 � 3
matrices), and there is nothing obviously difficult about it. The
model solves it using the default strategy (a holistic contrastive
pattern of variance, without comparing the first and last images).
What makes this problem so challenging for humans?

van der Ven and Ellis (2000) have suggested some C prob-
lems are difficult due to a conflict between the perceptual
appearance of the problem images and the answer images. For
example, in C12, the first two rows show an object becoming
longer. In the bottom row, and only in the bottom row, becom-

7 As previously mentioned, the published oddity task model contained
one change to its representations: it did not represent object size attributes.
However, we have developed an unpublished version of the model that
includes the size attributes and produces comparable results.
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ing longer causes the object to overlap another object. Thus, the
answer contains a unique perceptual feature: overlapping ob-
jects (Figure 16, answer 3).

The model confirms this conflict in perceptual appearance for C12.
Overall, the model solves 28 of the 3 � 3 matrices via visual
inference. For 24 problems, the model infers an answer identical to the
answer image. For the other four, the inferred answer is nonidentical.
On C12, the model fails to infer an overlapping relation between the
two texture patches, so when it compares its inferred answer to the
correct answer, it doesn’t get a perfect match.

But one question remains. The model also fails to get a perfect
match on three other problems (all from Section E), all of which
are much easier for humans. Why is C12 specifically so hard?
Perhaps it is because there is no example of overlapping textures
anywhere in the problem matrix. Unlike the three other problems,
here the missing overlapping relation is unique to the answer
image. This may particularly cause confusion for human partici-
pants, as van der Ven and Ellis supposed.

In the further analysis, we focus on the 3 � 3 matrix problems.
We exclude problems the model failed to solve, as well as C12
(discussed above). This leaves 31 problems: C1-C11, D1-D10, and
E1-E10. Our analysis focuses on explaining two values for each
problem: its difficulty, and the average response time to solve it.
For difficulty, we use estimates (in logits) for each problem based
on the 1993 norms. We use these values rather than difficulty
estimates from our own data because it is difficult to produce
reliable difficulty estimates from a sample size of 40 participants.
Note, however, that the important results reported below come out
the same when the difficulty measure is instead the percentage of
participants in our study who correctly solved the problem.

For response time, we use the natural log of the average time
required by our participants to solve each problem. Only response
times for correct responses are included.

We have suggested that problem difficulty relates to correspondence-
finding and representation. Problems may be more difficult if they
require comparing the first and last images in a row, performing
perceptual reorganization, or representing patterns of variance in a
particular way. The 31 problems were coded for these factors by
ablating the model: removing the model’s ability to perform an

operation and noting which problems it now failed to solve. In total,
five factors were evaluated:

First-to-Last: Comparing the first and last images in the row.

Basic-Reorg: Basic perceptual reorganization.

Complex-Reorg: Complex perceptual reorganization.

Descriptive: Using a descriptive pattern of variance.

Component: Using a component pattern of variance.

Each factor could be 1 (indicating that a problem required this
operation) or 0. The final two factors determine which pattern of
variance types can be encoded. We presupposed that holistic
contrastive pattern might be the most natural (e.g., example Prob-
lem A), and thus tested whether problems requiring component
patterns or descriptive patterns were more difficult. Note that the
descriptive pattern of variance is actually more concrete than the
contrastive pattern, as it simply describes what is true in each
image. In contrast, the component pattern of variance is more
abstract, as it breaks an image down into its individual objects.

Participant accuracy was modeled via a multiple linear regres-
sion on these factors. Table 1 shows the linear model. For each
factor, this table indicates the factor’s predicted contribution to
item difficulty (B), the factor’s unique contribution to the model’s
predictive power (�R2), and the statistical significance of the
factor’s contribution. Overall, the model explains .48 of the vari-
ance in human performance. Two factors contribute significantly
to the model: First-to-Last and Complex-Reorg. Thus, it appears
that problems were more difficult when participants had to com-
pare the first and last images in a row or perform complex
perceptual reorganization.

This analysis found a far greater cost for complex reorganization
than for basic reorganization. This confirms the model’s prediction
that complex reorganization is more cognitively demanding. Con-
sider Problems E and G, which require basic and complex percep-
tual reorganization, respectively. The finding that problems like G
are far more difficult suggests that comparison is indeed tied to our
initial division of a scene into objects, and that real effort is
required to reorganize the objects in one’s representation.

The analysis did not find any significant costs based on the pattern
of variance type. However, there was a trend toward component
patterns being more difficult. This may indicate there is a cost for
using more abstract patterns. On the other hand, descriptive patterns
were easier, although this was far from significant.

Table 1
Linear Model for Participant Accuracy, R2 � .48, F(5, 25) �
4.69, p � .004

Factor B �R2 t

Intercept �1.09
First-to-Last 1.80 .16 2.83�

Basic-Reorg 0.69 .03 1.19
Complex-Reorg 2.68 .20 3.15�

Descriptive �0.46 .01 0.74
Component 1.03 .05 1.61

Note. Reorg � Reorganization.
� p � .05.

Figure 16. Analog for SPM Problem C12.
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Descriptive patterns of variance are required for most of Section
D, the section involving Carpenter’s distribution-of-three rule.
Overall, these problems are quite easy: participants averaged over
.90 on all but the last two problems (D11, D12), the ones where the
model failed. In contrast, problems involving contrastive patterns
of variance (Sections C and E) vary far more in their difficulty.

One possible reason for the increased variability is working
memory load. Perhaps representing abstract differences is more
cognitively demanding than representing what is true in each
image, and thus working memory load is more of a factor for
contrastive patterns than for descriptive patterns. This would
match the results in geometric analogy (Lovett & Forbus, 2012),
where working memory load mattered for the abstract differences
more than for the individual images.

To test this hypothesis, Descriptive was replaced with a new
factor: Diff-Elements. This factor describes the number of ele-
ments (objects or groups) in the model’s generalized pattern of
variance for the top two rows of a problem. Because working
memory effects can be nonlinear (Mulholland et al., 1980), we
follow our geometric analogy analysis in discounting the first two
elements and only counting the number of elements beyond two.
Furthermore, the number is set to zero any time a descriptive
pattern of variance is used. Thus, this is working memory load for
contrastive patterns of variance only.

Table 2 shows the resulting linear model. This is a much
stronger model: it accounts for .63 of the variance in human
performance. Furthermore, all factors except Basic-Reorg now
contribute significantly. This suggests that working memory is a
factor when one considers abstract differences between images. It
also indicates that there is indeed a cost for using a more abstract
component pattern of variance.

We now consider the model’s final strategic shift: reverting
from visual inference to second-order comparison. Recall that the
model makes this shift on four of the 31 problems. In one case
(C6), it is unable to apply a shape deformation during visual
inference. The other three cases involve perceptual reorganization,
either basic (C11) or complex (E8, E9). In each case, the model
cannot infer the answer because it is unsure how to organize the
objects in the bottom row’s first two images. It is interesting to
note that although C11 requires only basic reorganization, the
accuracy on this problem was lower than on other problems
requiring basic reorganization.

A third linear model was built, replacing Basic-Reorg and
Complex-Reorg with Disruptive-Reorg. This refers to any reorga-

nization that disrupts visual inference, forcing one to revert to
second-order comparison. Table 3 shows the results. This model
accounts for .67 of the variance in human performance. Thus, it
performs better than the above model with one less factor.

Response times. It is important to ask whether the present
model can also explain human response times on the SPM. As
explained above, it is not our goal to capture the exact sequence of
operations performed by problem-solvers. However, given the
high correlation between mean accuracy and mean response time
on the SPM problems (r � �.89), we would expect the above
factors to explain much of the variance in response times as well.

Table 4 lists two linear models built to explain response times
on the problems (compare to Tables 2 and 3 for problem diffi-
culty). The results were quite similar to the difficulty results. There
was only one notable difference: Complex-Reorg, despite having a
high cost to response time, was only a marginally significant
contributor. This may be due to the fact that only a small number
(2/31) of the problems required complex reorganization. Note that
Disruptive-Reorg, which refers to any reorganization that results in
a strategy shift to second-order comparison, was a significant
contributor in the right table.

Failures. It is also useful to consider the four problems on which
the model failed: D11, D12, E11, and E12. Problems D11 and D12
can be solved using a descriptive pattern of variance if one represents
the appropriate features for each image. However, they depend on
complex, often quantitative features such as the number of edges in an
object, the number of objects in a group, and whether the objects in a
group contain straight or curved edges. Figure 17 displays an analog
for Problem D12. Here, each row contains a group of squares, a group
of triangles, and a group of “L” shapes; and each row has a group of
two, a group of three, and a group of four. The correct answer is 8, a
group of four curved triangles.

According to hierarchical hybrid representations, people rely on
abstract qualitative features when possible. These problems require
abandoning the default representation and performing an exhaus-
tive search through the range of possible features in an image. This
feature search can be seen as another form of rerepresentation.
However, it is outside the bounds of the model and also quite
difficult for the human test-takers.

Problem E11 can be solved via complex perceptual reorganiza-
tion. However, the model fails to recognize the clues that percep-
tual reorganization is an option. Thus, it correctly predicts that this
will be an especially difficult problem for human participants. On
the other hand, Problem E12 cannot be solved via any strategy
used by the model (nor can other computational models solve it, to

Table 2
Linear Model for Participant Accuracy, Using Number of
Elements, R2 � .63, F(5, 25) � 8.62, p � .001

Factor B �R2 t

Intercept �1.49
First-to-Last 1.63 .14 3.08�

Basic-Reorg 0.40 .01 0.82
Complex-Reorg 01.79 .08 2.32�

Diff-Elements 0.52 .16 3.30�

Component 1.04 .07 2.17�

Note. Reorg � Reorganization.
� p � .05.

Table 3
Linear Model for Participant Accuracy, Using Disruptive
Reorganization, R2 � .67, F(4, 26) � 13.19, p � .001

Factor B �R2 t

Intercept �1.49
First-to-Last 1.74 .16 3.54�

Disruptive-Reorg 1.83 .12 3.05�

Diff-Elements 0.49 .15 3.43�

Component 1.11 .08 2.49�

Note. Reorg � Reorganization.
� p � .05.
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our knowledge). It requires counting the number of external loops
in each shape, and subtracting the number of internal loops. This
bizarrely unique strategy explains why E12 is so difficult for
human participants.

Although the model effectively predicts the problems on which
participants will fail, it does not predict the incorrect answers partic-
ipants give on these problems. To do so, the model would need to
incorporate the guessing strategies employed by participants when
they simply do not know what’s going on, for example, copying over
an adjacent cell of the matrix (Vodegel Matzen et al., 1994). In many
cases, these guessing strategies may give rise to a divergence of
responses. For example, on Problems D11 and D12, there were four
different answers that were each selected by at least 10% of partici-
pants in our study. On Problem E11, there were five.

Discussion

We may draw several conclusions from the analysis above.
First, there is a cost for abstract representations. When participants
had to represent differences between images, rather than what held
true in each image, they became slower and less accurate as the
number of objects increased. Participants were also less effective
when they had to represent objects separately from their images
(component patterns of variance). This cost might also involve
working memory load, as it may be more difficult to remember
each object when they aren’t tied together in images.

Second, perceptual reorganization presents a significant chal-
lenge. Problems are harder when participants must reorganize the
objects in each image, particularly when complex reorganization is
required. Given the current results, there are at least two points
when a cost may be incurred: (a) When participants compare the
images in each of the top two rows, they must reorganize their
representations to determine what is changing between the images,
and (b) when participants attempt to solve for the answer in the
bottom row, they may have difficulty performing a reorganization
without knowing the final image, forcing them instead to consider
each possible answer. We suspect that both of these are sources of
difficulty. Note that in the analysis, Disruptive-Reorg, which re-
ferred to a basic or complex reorganization that forced the model

to consider each possible answer, was a particularly effective
predictor of problem difficulty and response time.

Finally, the analysis shows a consistent cost for the first-to-last
image comparison strategy shift. Recall that this involves (a) compar-
ing the first and last images in the row, and (b) constraining mappings
to only align identically shaped objects. This result suggests there is a
cost when object correspondences become more complex.

Related Work

Rerepresentation

Hofstadter’s Fluid Analogies Research Group shares our interest
in perception and rerepresentation, and their critical roles in ana-
logical reasoning (Hofstadter, 1995). However, whereas we see
these as separate processes that can occur in sequence, FARG
models interleave perception and mapping by stochastically choos-
ing at each timestep from a wide range of possible microopera-
tions. For example, Copycat (Mitchell, 1993) solves letter string
analogies such as “abc is to abd as iijjkk is to . . . ?”. In solving
this problem, Copycat would tend to group the i’s, j’s, and k’s
together based on similarity, at the same time as it was computing
a mapping between abc and iijjkk. The answer chosen would vary
depending on the timing and success of the grouping operations.

The research at FARG was pioneering in its focus on perception
and rerepresentation. However, the work is limited due to (a) the
focus on microdomains like letter string analogies; (b) the highly
stochastic nature of the models, with some of the most interesting
solutions being reached only rarely; and (c) the lack of psycho-
logical support for the models. Though the group argued that
perception and analogical mapping are necessarily interleaved, we
believe the present work shows that perception, mapping, and
rerepresentation can work in sequence to solve large-scale prob-
lems.

Raven’s Matrices

Hunt (1974) proposed two models for solving a subset of the
Advanced Progressive Matrices (APM). Although the first was a

Figure 17. Analog for SPM Problem D12.

Table 4
Linear Models for Participant Response Times

Factor B �R2 t

R2 � .73, F(5, 25) � 13.35, p � .001

Intercept 2.35
First-to-Last 0.48 .10 3.03�

Basic-Reorg 0.12 .01 0.83
Complex-Reorg 0.46 .04 1.96‡

Diff-Elements 0.24 .27 5.00�

Component 0.47 .12 3.28�

R2 � .73, F(4, 26) � 17.42, p � .001

Intercept 2.36
First-to-Last 0.50 .11 3.21�

Disruptive-Reorg 0.40 .05 2.08�

Diff-Elements 0.24 .28 5.21�

Component 0.49 .13 3.46�

Note. Reorg � Reorganization.
‡ p � .07. � p � .05.
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concrete Gestalt model, the second was an abstract analytic model.
The analytic model had a preexisting set of operations (e.g., con-
stancy, expansion, addition, composition). Given a row or column
(and assuming it knew the representations and correspondences), it
would check whether each operation described the changes between
images. Although Hunt’s model was never fully implemented, the
model’s operations and strategies match several of the rules Carpenter
et al. (1990) would later define.

Carpenter et al. (1990) presented the first automated computational
models. As described above, their models incrementally identified
instances of five hard-coded rule categories. Their FAIRAVEN model
performed as well as typical college student on the APM, whereas
their BETTERAVEN model performed as well as the best students.
Their models were limited in that they used hand-coded input repre-
sentations, they possessed a simplified correspondence-finding strat-
egy, and they did not perform rerepresentation.

Note that the Carpenter models tested for five types of rules
(e.g., Quantitative Pairwise Progression), whereas the present
model uses four types of patterns of variance (e.g., holistic con-
trastive). Nonetheless, the present model can solve problems in-
volving all five Carpenter rules, as well as some problems (e.g.,
Problem G) that do not appear to match any Carpenter rule.

Rasmussen and Eliasmith (2011) presented a spiking neuron
model designed to solve the APM. The model relied on the user to
hand-code both the symbolic image representations and the object
correspondences between images. Given the appropriate represen-
tations, it learned rules describing how objects vary. No results
were presented for the model, and it was unclear how it would
handle problems like Problem B (where the present model uses
descriptive patterns of variance, and Carpenter et al.’s (1990)
model uses a distribution of three rule).

Cirillo and Ström’s (2010) model for solving SPM shared sev-
eral features with the present model. Representations were auto-
matically generated from vector graphical descriptions (similar to
sketches, but more abstract) and organized hierarchically. The
model moved down the hierarchy, going from the most concrete to
the most abstract as needed during problem solving. However, the
model had two limitations. First, it did not perform shape com-
parison; rather, it recognized five shape types (e.g., ellipse, rect-
angle) and encoded each object’s rotation from the upright posi-
tion. Thus, it could not handle complex shapes and shape
deformations. Second, rather than building up differences from
image comparisons, the model was entirely top–down: it pos-
sessed seven pattern-matching strategies, each with its own rules
about correspondence-finding (most searched exhaustively over all
combinations). Overall, the model solved 28/36 problems from
SPM Sections C, D, and E, suffering particularly in Section C,
which has more perceptual shape-based problems.

Kunda and colleagues (Kunda, McGreggor, & Goel, 2013;
McGreggor, Kunda, & Goel, 2014) have developed two related
models that operate directly on scanned images of the problems,
requiring no symbolic representations. These models compare
images by computing mathematical transformations between their
pixels. The affine model computes a single transformation between
images, composing operations such rotation and scaling. It is
effective for problems involve shape transformations or figure
additions, but it fails on descriptive pattern of variance problems
(e.g., example Problem B), a problem type that is relatively easy
for human test-takers.

In contrast, the fractal model computes many transformations
between partitions of each image. Using a second-order comparison
approach, it performs impressively well on the APM, matching the
75th percentile for American adults. Surprisingly, it performs less
well on the SPM, achieving 50/60 (compared with the present mo-
del’s 56/60), which is the 41st percentile. It is unclear what the
model’s performance can tell us about visual comparison and problem
solving in humans. Its approach of representing images at the pixel
level and performing exhaustive searches for optimal transformations
does not appear to be consistent with what we know about human
perception and reasoning.

Kunda et al. (2013) view their approach as complementary to the
more symbolic, propositional approaches described above. This dis-
tinction is similar to the qualitative/quantitative distinction that moti-
vated the present model, with the Kunda models falling on the
quantitative side. We believe our approach is important in that it uses
both qualitative representations for comparison and reasoning and
quantitative information for computing shape transformations.

Future Work

There are several important directions for future work on mod-
eling visual problem solving.

Solving the Advanced Progressing Matrices

The present model solves problems from the Standard Progressive
Matrices test (SPM), whereas some previous models have been built
for the Advanced Progressive Matrices test (APM; Carpenter et al.,
1990; Kunda et al., 2013). We chose to focus on the SPM for two
reasons: (a) The SPM has a good difficulty level for capturing typical
human intelligence, as the average adult can solve most SPM prob-
lems (Raven et al., 2000b), and (b) the APM presents challenges not
addressed by the current theory and model.

In particular, many APM problems require performing a search
through a space of nonobvious visual features—in contrast, only a
few SPM problems require such a feature search (e.g., Problem D12,
see Figure 17 for an analog). Feature search is a form of rerepresen-
tation, but it is less straightforward than the perceptual reorganization
performed by the present model. To model it effectively, we believe
it is necessary to build a visual routines system in which basic
operations like curve-tracing, scanning, and counting can be flexibly
combined to encode different visual features (Ullman, 1984). Notably,
none of the current models which solve APM problems possess such
a system—either they use hand-coded inputs (Carpenter et al., 1990),
or they use no symbolic representations at all (Kunda et al., 2012).

Learning Patterns of Variance

The present model has four pattern of variance types built into
it, based on the contrastive/descriptive and holistic/component
distinctions. In contrast, humans may learn ways to represent
differences as they are taking the test. We believe it would be
immensely valuable to model this learning process. However, the
great majority of psychological studies have focused on individual
problem difficulties, and not how problem-solving strategies are
progressively learned across problems. We believe more human
data is required before a learning process may be captured effec-
tively in a computational model.
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Modeling Working Memory Limitations

The present work indicates that working memory may be an
important factor in determining problem difficulty, but the model
has no built-in working memory limitations. Currently, we believe
it is an open question how working memory interacts with ana-
logical thinking. For example, must relational structure be stored
entirely in working memory during mapping? According to the
long-term working memory theory (Ericsson & Kintsch, 1995),
structured information may be offloaded to long-term memory and
called up only as needed during reasoning. Note that other ana-
logical reasoning models have addressed the memory issue di-
rectly by incorporating working memory constraints (Hummel &
Holyoak, 1997; Doumas, Hummel, & Sandhofer, 2008).

Modeling Individual Differences

This work aims to model a typical problem-solving strategy, used
by the average test-taker. However, individuals will vary in the
strategies they employ. In a previous study (Lovett & Forbus, 2011a),
we modeled cultural differences by showing that ablating certain
operations in the model caused it to behave more like one group or the
other. With RPM, we would like to study individual differences in
problem-solving strategy. We have already mentioned that test-takers
might vary in using visual inference or second-order comparison, but
they might also vary in focusing on rows or columns, in their ability
to perform shape transformations (Janssen & Geiser, 2010), or in their
ability to use small-scale versus large-scale representations in the
spatial hierarchy (Lovett & Forbus, 2011a).

Unlike the case of cultural differences, with individual differ-
ences there are no a priori groups into which to divide participants.
Therefore, the limited set of problems in the SPM may not provide
sufficient statistical power for this analysis. By designing new
problems which, according to the model, require particular oper-
ations and giving these to test-takers, we may gain new insights
into how people vary in their visual problem-solving abilities.

Evaluating the Qualitative Vocabulary

This and other modeling work has led to the development of a
qualitative vocabulary, a list of qualitative attributes and relations
which capture the 2D visual features we claim are most salient to
people (Lovett & Forbus, 2011b). It is important that this vocab-
ulary be tested on humans. We propose to do so using a same/
different paradigm, where participants compare two images and
respond “same” if they are identical, or “different” if they spot any
difference (Farell, 1985). A common finding with this paradigm
is that participants spot differences more easily if they cross a
qualitative or categorical boundary—for example, it is easier to
distinguish blue from green than to distinguish two shades of
blue (Bornstein & Korda, 1984). Although this effect, termed
categorical perception has been demonstrated extensively for
object features like color, there is far less evidence regarding
qualitative relations between objects (but see Kim & Bieder-
man, 2012). We are currently testing for categorical perception
of topological relations: touching, overlapping, and contains.

Conclusion

We have argued that visual problem solving requires analogical
thinking. Visual scenes are represented symbolically and com-

pared via structural alignment. Representations are iteratively up-
dated and refined, as one searches through the space of hierarchical
hybrid representations (HHRs) for the key commonalities and
differences. Importantly, rerepresentation is directly driven by the
comparison process, rather than any top–down search through a
space of possible representations. The commonalities or differ-
ences identified during comparison can be reified and used in
further reasoning, including future comparisons.

These claims are supported by our computational model. The
model, which implements HHRs and structure-mapping, meets three
criteria: (a) sufficiency: The model performs as well as American
adults; (b) similarity: Problems that are difficult for the model are also
difficult for people; and (c) explanation: The model can help explain
what makes one problem harder than another.

Overall, the computational model stands out above previous
problem-solving models for several reasons. First, it uses the
Structure-Mapping Engine, an existing model of analogy, to perform
all comparisons. Thus, it demonstrates that structure-mapping can
play a ubiquitous role in the problem-solving process, not only for
identifying commonalities and differences, but also for computing
shape transformations and determining when rerepresentation is nec-
essary. Second, it builds on a set of representations and processes that
have been used to model several other problem-solving tasks. Thus, it
allows us to test the generality of the problem-solving approach, rather
than tying our claims purely to Raven’s Matrices. Third, it supports
ablation analysis, in which components of the model are broken and
the resulting error patterns are examined. Thus, beyond supporting the
initial claims, the model can generate hypotheses about visual prob-
lem solving in humans.

The ablation analysis suggests three key factors underlying
effective performance on difficult RPM problems:

1. One needs a high working memory capacity. Problems
were more difficult when the model represented contras-
tive differences across more objects.

2. One must be able to think abstractly about concrete stimuli.
Problems were more difficult when they required a compo-
nent pattern of variance, where one abstracts away the
images and thinks about each object in isolation.

3. One must be able to flexibly rerepresent stimuli to support
comparisons. Problems were more difficult when they re-
quired complex perceptual reorganization.

Because we have linked visual problem solving to analogical
reasoning, we can generalize these factors to intelligent thought more
broadly. Working memory is already a well-established factor which
affects problem-solving performance on Raven’s (Carpenter et al.,
1990; Unsworth & Engle, 2005) and in other tasks (e.g., Andersson,
2007; Engle, 1994; Johnstone & El-Banna, 1986).

Abstraction plays an important role in analogical retrieval and
inference—when we view a new problem or scenario, we can
retrieve an analogous example more effectively if the example was
represented and stored in a more abstract way. Education research-
ers often find that when students are taught an abstract version of
a concept, they are better able to transfer it to new stimuli, or even
to a new domain (e.g., Kaminski, Sloutsky, & Heckler, 2008;
Goldstone & Son, 2005). If a student can form her own abstrac-
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tions from concrete examples, she should be better able to learn
and apply new concepts.

Rerepresentation is critical because analogies are slaves to their
symbolic representations. If two cases happen to be represented with
different relational structure, they will fail to align, and the only way
to complete the analogy will be to change the structure. Importantly,
rerepresentation depends on the other two factors because (a) working
memory is needed to keep multiple representations in mind, and (b)
abstraction is an effective form of rerepresentation. However, it may
also depends on a certain fluidity—a willingness to abandon one’s
particular point of view and search for a new perspective.

It is interesting to note that one can turn the above claims around
and say that effective rerepresentation strategies increase one’s
apparent working memory capacity. This is because if one can
discover more concise ways to represent a problem, an image, or
even a single shape, one frees up cognitive resources. Taking an
anecdote from the Carpenter et al. (1990) Raven’s paper, partici-
pants who saw a row as containing an upward-facing arrow, then
a rightward-facing arrow, then a downward facing arrow tended to
be less effective problem-solvers than participants who saw a row
as containing an arrow that was rotating clockwise. Participants
with the second, more concise representation would need to re-
member fewer details while solving a problem. Similarly, Taatgen
(2014) has argued that effective representational strategies could
allow participants to perform better even on tests designed specif-
ically to test working memory capacity.

We began this paper with the claim that analogy is the corner-
stone of human intelligence. Perhaps representational flexibility is
a shining tower, a key feature separating great thinkers from good
thinkers, allowing them to draw insightful connections, solve
complex problems, and make significant discoveries.
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Appendix

Model Operations

Encode

Encode supports representations at three levels: Edges, Objects,
and Groups. Encode begins with the objects, because these are
provided by CogSketch. It can segment one object into edges, or
join several objects into a group. At each level, a set of qualitative
attributes and relations describe the elements.

Note that our goal is not to model the details of how the
encoding process works; encoding likely does not begin at the
object level (but see Palmer & Rock, 1994). Our goal is to model
the resulting representation. The qualitative attributes and relations
in our representations were selected based on (a) psychological
evidence and (b) the constraints imposed by Raven’s Progressive
Matrices (RPM) and other problem-solving tasks. Encode pro-
duces representations that work consistently across tasks. Our
geometric analogy model (Lovett & Forbus, 2012) uses identical
representations to the present model, while the oddity task model’s
(Lovett & Forbus, 2011a) representations differ in one minor
respect—they lack attributes for an object’s relative size.

Below, we describe representations at the Edge, Object, and Group
levels. We briefly summarize the qualitative features encoded at each
level. For the full set of qualitative terms, and more details on
interactions between the levels, see Lovett and Forbus (2011b).

Edges

Given an object made of one or more ink strokes, Encode
identifies an object’s meaningful edges by joining together ink
strokes with common endpoints and segmenting ink strokes at
corners. Corners are detected as discontinuities in curvature, or
locations where three or more edges meet. See Lovett, Tomai,
Forbus, and Usher (2009) for details on the edge-segmentation
algorithm. This produces a list of edges, and a list of junctions
where the edges meet. For example, a square would have four
edges with junctions between them.

Encode’s edge-level representation describes the edges along an
object’s contour (Hoffman & Richards, 1984), i.e., the object’s shape.
Internal edges are not represented at this level. For example, the house
in Figure A1 would be represented as five edges. This representation
scheme is effective for comparing two-dimensional shapes, but fur-

ther detail is required to represent three-dimensional objects (Bieder-
man, 1987; McLure, Friedman, Lovett, & Forbus, 2011).

If an object is a closed shape, the representation describes the cycle
of edges going around that shape. It indicates adjacent corners along
that cycle and classifies them as convex or concave. It also describes
parallel and perpendicular edges. Note that because these features
are orientation-invariant, two shapes at different orientations will have
essentially the same representation. Thus, the model can determine
that Figures A1B and A1C are the same shape, and it can compute
transformations between them (see below). (Representations for open
shapes are similar but contain fewer details.)

Optionally, Encode can produce an orientation-specific repre-
sentation, describing the relative locations of an object’s edges.
This more concrete representation is less useful for computing
shape transformations, but it does provide greater detail. It is used
by the model when computing shape deformations (see Shape
Comparison below).

Objects

Objects are provided directly by CogSketch, so Encode does not
need to identify them. However, it does possess some basic group-
ing abilities. If several parallel lines have been drawn as separate
objects, it will group them together to form a texture patch (Figure
A2A). This texture patch can be associated with some other object
that forms its contour, e.g., the square in Figure A2B. The square
in Figure A2C contains two overlapping texture patches. In addi-
tion, if an object contains one or more other objects such that they
create a single, convex piece of negative space, this negative space
will represented as a separate object, e.g., a square containing a
black triangle creates the perception of a complementary white
triangle in Figure A2D.

(Appendix continues)

Figure A1. A: A house. B: The house’s contour. C: The contour, rotated.
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The object-level representation includes attributes for color,
texture, closure, curvedness, symmetry, and size (based on the
overall distribution of sizes in the problem). There are relations for
relative position, topology, and shape transformations (i.e., rota-
tions, reflections, and changes in scale between objects in an
image—see the next section on Compare Shapes).

Groups

Encode groups objects together based on the Gestalt grouping
rules of similarity, proximity, and good continuation (Wertheimer,
1938). For several objects to be grouped together, they must be of
similar size and shape (based on their object-level attributes); they
must be equidistant from each other; and they must be aligned with
the grouping’s orientation. In Figures A3A and A3C, the circles
would be joined into a single group. In A3B there would be two
groups, based on proximity. In A3D the triangles would be
grouped, but in A3E they would not because they don’t align with
the grouping’s orientation. In A3F, the image’s topology breaks
the circles into two groups.

The group-level representation describes any groups, as well as
any individual objects that failed to group. For example, Figure
A3F would contain two groups and one individual object: the
rectangle. In many cases a group-level representation will contain
no groups at all, and so it will be identical to the object level. The
qualitative relations at the group level are similar to those at the
object level.

Compare Shapes

Shape transformations are computed using the shape compari-
son strategy described previously: (a) Compare edge-level repre-
sentations with Structure-Mapping Engine (SME), get correspond-
ing edges; (b) take one pair of corresponding edges and compute
a quantitative transformation between them, consisting of a rota-
tion or reflection, a size change, and a translation; and (c) apply
this transformation to the quantitative edges in the first object,
checking whether the transformed edges match those in the second

object, in terms of their orientation, length, location, and curved-
ness. Note that a rotation of approximately 0°, combined with a
scaling factor of about 1.0, indicates that the objects are identical.

For shape transformations, there is a single quantitative trans-
formation that transforms all edges in the first shape into their
corresponding edges in the second shape. For shape deformations,
however, the model computes separate transformations for each
pair of corresponding edges, as follows: For lengthening (Figure
13A), two edges about a central axis become longer. Other edges
change (translating or becoming longer or shorter) to accommo-
date the changes in the lengths of the two central edges. For
part-lengthening (Figure 13B), two edges along the bounds of one
part become longer (parts are defined by concave corners, Hoff-
man & Richards, 1984). Again, other edges change to accommo-
date. For part-addition (Figure 13C), new edges are added to the
shape to produce an additional part (again, defined by concave
corners), and other edges change to accommodate. Finally, for
subshape (Figure 8), there is a perfect identity match between the
corresponding edges in two shapes, but one shape has additional
edges.

Within the current model, the subshape deformation is never
encoded as a difference between two images (e.g., when repre-
senting a row of differences with Find Differences). It is only used
to guide basic perceptual reorganization.

For group transformations, the two groups’ object-level repre-
sentations are compared to identity corresponding objects. Then,
one pair of corresponding objects are compared to check if they are
the same shape. Group transformations are only encoded for
groups whose objects are the same shape (e.g., two groups of
circles).

For groups, rotations, reflections, and deformations are not
considered. The only possibilities are (a) there is a perfect identity
match between corresponding objects within the groups (indicates
identical groups, a larger group, or object to group, depending on
the number of objects in each group) or (b) there is not an identity
match between corresponding objects (indicates a different groups
transformation).

Figure A2. Examples of texture patches and negative space.

Figure A3. Grouping examples.

(Appendix continues)
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Recognize Shape

Shape categories are stored in a shape registry. Each category is
stored as an arbitrary label (e.g., Type-1), a prototype (simply the
first example encountered), and a list of all known exemplars.
When a new object is encountered, it is compared with the most
similarly-sized exemplar in each category. If a valid shape trans-
formations is found, the object is added to that category. If no
match is found, a new shape category is created.

An object’s shape may be referenced in either of two ways: (a)
using the shape’s category label, or (b) using the category label
and the transformation from the prototype. For an example of this,
see the next section.

Compare Images

This operation compares two images using SME to find the
corresponding objects or groups. Then it compares these using
Compare Shapes. It returns: (a) a similarity score for the two
images, (b) a set of corresponding elements, (c) a set of common-
alities, and (d) a set of differences.

For example, suppose the images in Figure A4 were compared
(the letters are included as object labels, and are not part of the
images). The initial SME mapping would align A with D, B with
E, and C with F, based on each object’s shape attributes, and on the
spatial relations between objects. The model would call Compare
Shapes on each pair, determining that there is a 90° rotation
between A and D, that B and E are identical, and that E and F are
entirely different shapes. It computes its output as follows:

Similarity score. The similarity score is computed by SME.
The initial mapping’s score is likely to be heavily influenced by
attributes, because Encode produces a large set of shape attributes.
To simplify the score, the model updates the image representa-
tions, removing all shape attributes and replacing them with a
single attribute for each object, referring to its exact shape (this is
distinct from the category labels described above, as here the two
shapes must be identical to share the same attribute). In Figure A4,
B and E will share the same shape attribute, while other pairs will
have different attributes. The model then reruns SME and takes
SME’s similarity score. Thus, the similarity score describes
whether the spatial relations and the shapes are the same in the two
images.

Corresponding elements. This is the list of corresponding
elements in the images.

Commonalities. This is a list of symbolic expressions which
SME aligned during the mapping. In Figure A4, one commonality
is that C/F is right of B/E.

Differences. The differences consist of (a) changes in the
spatial relations, found by SME (in Figure A4A, B is right of A,
but in A4B, E is below D), (b) additions or removals of elements
between images, (c) Transformations and shape changes. Trans-
formations are represented qualitatively. For example, rotations
are rounded to the nearest 90°, so there is a qualitative
RotatatedShape-90 attribute for the A/D pair.

Shape changes (such as the C/F pair) are trickier to represent.
Ideally, one would represent “a square changes to a circle.” How-
ever, the model has no foreknowledge of the shapes it will en-
counter, so it cannot have names for them all. Instead, it uses the
category labels computed by Recognize Shape. The model can
account for transformations from the category prototypes. For
example, suppose the category prototypes for square and circle
shapes were established based on the shapes in Figure A4. The
square and circle shapes in Figure A5 are smaller instances of
those categories. Because they are both smaller instances, there is
no perceived change in size from A5A to A5B, and the model
would represent the shape change as merely a change between the
two shape categories.

Note that the model similarly recognizes textures so that it can
encode changes to an object’s texture. Because texture patches are
groupings of parallel lines, a change in texture means the orienta-
tion or thickness of the lines has changed.

Resolving ambiguity. Sometimes the initial comparison finds
multiple equally good mappings between two images. The model
employs two strategies for resolving ambiguity to pick the pre-
ferred mapping. Firstly, consider Figures A6A and A6B. Based
purely on object-level shape features, the object in A6A maps
equally well to either object in A6B. In this case, the model
performs shape comparisons between the A6A object and the two
A6B objects, selecting the mapping that produces the best shape
match.

Secondly, consider Figures A6C and A6D. Here, all shapes
match equally well, and the mapping truly is ambiguous. The
model imposes a left-�right and top-�bottom ordering in such
cases. Here, the circle in A6C maps to the leftmost circle in A6D.
We do not claim this is a better mapping than the alternative. It
simply ensures the model is consistent.

(Appendix continues)

Figure A4. Two images with differences in their shapes and spatial
relations.

Figure A5. Smaller versions of the C/F pair from Figure A4.

Figure A6. Two ambiguous mappings.
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Find Differences

The details on this operation are given in the main text.

Generalize

This operation computes a generalization over two or more
representations. This works as follows (Kuehne et al., 2000). First,
compare the first two items with SME. Abstract out any expres-
sions that don’t align, building a new structural representation with
the commonalities in these two items. Second, for each additional
item, compare it to the generalization, pruning off any expressions
that don’t match this item. This produces a single structural rep-
resentation describing what is common to all the items.

The operation also returns a similarity score, based on the
similarity SME finds between the items. If more than two items
were compared, it returns the lowest similarity score from among
the comparisons.

Infer Shape

Given a shape transformation between two object (‘A’ and ‘B’),
this operation applies that transformation to another object (‘C’) to
generate a novel object (‘D’). Recall that shape transformations
include rotation, reflections, and changes and scale. These trans-
formations can be easily applied to the edges in Object C to
produce the edges for the new Object D (transforming the location,
orientation, length, and curvedness of the edges).

Inferring shape deformations is more difficult because there is a
separate quantitative transformation between each pair of edges in
the A/B deformation. Thus, the corresponding edges must be
identified in Object C because the transformations can be applied
to them. For example, Figure A7A shows a deformation in which
a part is added between A and B. Here, the leftmost edge in Shape
A grows twice as long, becoming an edge of the newly added part.
To infer a deformation, Infer Shape first compares Shape A to
Shape C. It finds a reflection over the x axis between them. It then
applies the appropriate quantitative transformation to each edge;
here, again, the leftmost edge grows to twice as long. It adds the
new part after applying any appropriate A–�C transformations; in
this case, it reflects the part over the x-axis before adding it. The
resulting shape is D, which has a part added at the top, instead of
a part added at the bottom.

Sometimes, there is no valid mapping between the edges of A
and C. For example, in Figure A7B, there is no mapping
between the rectangle (A), and the double-headed arrow (C). In
this case, the operation must make its best guess at the appro-
priate edges for the deformation. In Figure A7B, the operation
lengthens the horizontal edges, while in Figure A7C, the oper-
ation lengthens the left part.

Infer Image

This operation applies a complete row’s pattern of variance to
an incomplete row, to infer what the final image in the row should
be. For a contrastive pattern of variance, the differences come in
three forms: additions/removals of spatial relations, shape
transformations, and additions/removals of objects. The opera-
tion uses all of these to infer the missing image. It adds or
removes relations to the corresponding elements in the incom-
plete bottom row. For example, on the bottom row of Problem
A, it removes a contains relation and adds a right of relation,
inferring that the rectangle should now be right of the trapezoid.
Next, it takes the shape transformations and applies them to the
corresponding elements in the bottom row, using Infer Shape.
Finally, it removes any objects that should be removed. The
operation can also handle additions of new objects. However, in
RPM, it is never necessary to infer the shape of an object that
exists only in the missing image.

For a descriptive pattern of variance, the differences are not
explicitly encoded. Instead, the pattern encodes what is found in
each image or for each object. For example, Problem D is solved
using a component descriptive pattern of variance, where each
image has been broken up into objects. In this case, the operation
can simply compare the top and bottom rows, identify which
top-image elements were not found in the bottom row, and place
them in the final, missing image. Here, the bottom row lacks a
horizontal line and a circle, so these are selected for the missing
image. Note that because component patterns do not encode spatial
relations between objects, the operation will not generate the
spatial relationship between the line and the circle. Essentially, it
determines only, “There should be a line and a circle in the missing
image.”

Figure A7. Examples of Infer-Shape with deformations.

(Appendix continues)
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Detect Texture

This operation detects textures using a simplified representation.
Given an image, it prints all the objects in the image to a bit-
map—a 2 � 2 array of points which makes no distinction between
one object and another. It then scans along a corridor of the bitmap
(Figure 11) to see if there is a repeating texture.

Detect Texture uses autocorrelation (Oppenheim & Schafer,
2009), a common approach from signal processing, to detect
repeating patterns in a corridor. The idea is to divide the signal into
windows and check whether consecutive windows correlate with
each other. One varies the window length to find the best corre-
lation. Here, each window is a portion of the corridor’s total
length.

Detect Texture computes two signals from a window: rows and
columns. For rows, it takes each row of the window and adds up
the pixels that are “on,” i.e., those that are not empty space.

Similarly, it takes each column of the window and adds up the
pixels that are “on.” In computing the correlation between two
windows, Detect Texture takes the lower of the correlation be-
tween rows and the correlation between columns.

A row’s overall score is the minimum correlation value for all
adjacent windows. If this score exceeds a threshold (0.85), the
operation is a success. It returns the score and the window size that
produced this score.

Autocorrelation is a useful tool for detecting repeating patterns
in an image. However, we view this as only an approximation of
human texture detection—accurately modeling low-level texture
detection is not a priority for this work. For a more in-depth model
of texture processing, see (Stevens, 1981).
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